








28 NOTES

Carry on. What have you proved? Now what if a = b?

4Exercise 1.6.4. You can use induction on the size of E, that is, prove for every natural number n that if E has n
elements, then

supE = maxE.

5Exercise 1.7.3. Suppose not, then the set

{1/n : n = 1, 2, 3, . . . }

has a positive lower bound, etc. You will have to use the existence of a greatest lower bound.

6Exercise 1.7.7. Not that easy to show. Rule out the possibilities α2 < 2 and α2 > 2 using the archimedean
property to assist.

7Exercise 1.9.8. To find a number in (x, y), find a rational in (x//
√

2, y//
√

2). Conclude from this that the set of

all (irrational) numbers of the form ±m
√

2/n is dense.

8Exercise 1.11.6. If G = {0}, then take α = 0. If not, let α = inf G ∩ (0,∞). Case 1: If α = 0 show that G is
dense. Case 2: If α > 0 show that

G = {nα : n = 0,±1,±2,±3, . . . }.
For case 1 consider an interval (r, s) with r < s. We wish to find a member of G in that interval. To keep the argument
simple just consider, for the moment, the situation in which 0 < r < s. Choose g ∈ G with 0 < g < s− r. The set

M = {n ∈ IN : ng ≥ s}

is nonempty (why?) and so there is a minimal element m in M (why?). Now check that (m− 1)g is in G and inside
the interval (r, s).
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