








B-14 Extrema Appendix B

where α, β, γ are the angles of an arbitrary triangle. Indeed, since α+ β + γ = π, we have

cosα cosβ cos γ = cosα cosβ cos(π − α− β) = − cosα cosβ cos(α+ β) =

= −1
2 [cos(α+ β) + cos(α− β)] cos(α+ β) = −1

2 [cos2(α+ β) + cos(α+ β) cos(α− β)] =

and by completing the square we obtain

= −1
2 [(cos(α+ β) + 1

2 cos(α− β))2 − 1
4 cos2(α− β)] =

= 1
8 cos2(α− β) − 1

2(cos(α+ β) + 1
2 cos(α− β))2 ≤ 1

8 cos2(α− β) ≤ 1
8 .

◭

Since a continuous function defined on a compact set achieves an absolute maximum (Corollary 11.47),
the previous problem can be reformulated as follows:

Find an absolute maximum of the function

z = − cosx cos y cos(x+ y)

subject to the constraints 0 ≤ x ≤ π and 0 ≤ x+ y ≤ π.

Definition B.13: Let f be a function defined on the set D ⊂ R2. Let (x0, y0) ∈ D. We say that f has an
absolute minimum on the set D at the point (x0, y0), if f(x0, y0) ≤ f(x, y) for each (x, y) ∈ D.

Similarly we define an absolute maximum.

Theorem B.14: Let (x0, y0) is an interior point of the set D. If f has an absolute extremum at the point
(x0, y0), then either f1(x0, y0) = 0 and f2(x0, y0) = 0 or at least one of those derivatives does not exist.

Absolute extrema may be located at critical points, points on the boundary of the domain, or points
where partial derivatives are not defined.

Exercises

B.2.1 Examine extrema of the function z = 11 − 8x2y + 2x3y + 2x2y2 subject to the constraints x ≥ 0, y ≥ 0 and
x+ y ≤ 6.

B.2.2 Find extrema of the function z = x2 + y2 − x− y + 1 subject to the constraint x2 + y2 ≤ 1.

B.2.3 Find extrema of the function z = x2 + y2 − 12x+ 16y + 50 subject to the constraint x2 + y2 ≤ 225.
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