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Figure 8.3. Computation of fol % dy = 2.

as a perfectly reasonable value for the integral.

Indeed if we consider this as a problem in determining the area of the unbounded region in Figure 8.3
we can see graphically why the answer should be 2. Note that in the figure 0 < a < b < ¢ < 1 and these
numbers have the values a = 1/64, b = 1/16, and ¢ = 1/4. The integrals have values

1 @ b
/ 2 V2dy =1, / e V2 dy = 1/2, and / 22 dy = 1/4
@ b

a

and so we would expect
1
/ eV 2dr=1+1/2+1/4+---=2
0

as indeed this method does give.

This is precisely Cauchy’s second method. If you understand this example, you understand the method.
Any general write-up of the method might obscure this simple idea. We need some language, however.
The procedure of taking a limit to obtain the final value of the integral may or may not work. If the limit
does exist, we say that the integral converges, or is a convergent integral, and we say that the function f is
integrable by Cauchy’s second method or simply integrable if the context is clear. Otherwise the integral is
said to be divergent.

We give a formal definition valid just in the case that the function has one point of unboundedness, and
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that point occurs at the left-hand endpoint of the interval. For more than one point, or for a point not
at an endpoint, the definition is best generalized by splitting the integral into separate integrals, each of
which can be handled one at a time in this fashion. (See Exercise 8.4.3.)

Definition 8.10: Let f be a continuous function on an interval (a,b] that is unbounded in every interval
(a,a+ ). Then we define
b
/ f(z)dzx
a

b

li d
5—1>%l+ a+§f(m) *

to be

if this limit exists, and in this case the integral is said to be convergent. If both integrals

/abf(m) dz and /ab]f(m)]dx

converge the integral is said to be absolutely convergent.

The role of the extra condition of absolute convergence is much like its role in the study of infinite series.
You will recall that absolutely convergent series are more “robust” in the sense that they can be rather
freely manipulated, unlike the nonabsolutely convergent series, which are rather fragile. The same is true
here of absolutely convergent integrals. Note that the integral

1
/ 2 dx
0

is both convergent and absolutely convergent merely because the integrand is nonnegative.

Exercises

8.4.1 Formulate a definition of the integral ff f(z) dx for a function continuous on [a,b) and unbounded at the
right-hand endpoint. Supply an example.
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8.4.2

8.4.3

8.4.4

8.4.5

8.4.6

8.4.7

8.4.8

Formulate a definition of the integral f; f(z) dz for a function continuous on [a, ¢) and on (¢, b] and unbounded
in every interval containing c¢. Supply an example.

How would an integral of the form

[ /(@) "
o VIele— D@ - 2)(@ - 3)

be interpreted, where f is continuous?

Let f and g be continuous on (a, b] and such that |f(z)| < |g(x)| for all @ < x < b. If the integral f:g(x) dz is

absolutely convergent, show that so also is the integral f: f(z)dx.

For what continuous functions f must the integral

1
[ s
—1 = 48
converge?

SEE NOoTE 229

Let f be a bounded function, continuous on (a,b] and that is discontinuous at the endpoint a. Show that if
the second method of Cauchy is applied to f then the result is the same as applying the first method to the
entire interval [a, b] [regardless of the value assigned to f(a)].

Suppose that f is continuous on [—1, 1] except for an isolated discontinuity at « = 0. If the limit

-5 1
61irél+< 9 f(z) dl’+/§ f(x)dx)

exists does it follow that f is integrable on [—1,1]?

As a project determine which of the properties of the integral in Section 8.3 (which apply only to continuous
functions on an interval [a, b]) can be extended to functions that are integrable by Cauchy’s second method on
[a,b]. Give proofs.



Section 8.5. Cauchy’s Second Method (Continued) 507

8.5 Cauchy’s Second Method (Continued)

The same idea that Cauchy used to assign meaning to the integral of unbounded functions he also used to
handle functions on unbounded intervals. How should we interpret the integral

(0.9]
dz,
P

We might try first to form a partition of the unbounded interval [1,00) and seek some kind of limit of
Riemann sums. A much simpler idea is to adapt Cauchy’s second method to this in the obvious way.

00 X
1
/ d—g;:lim d—f:lim <1—>:1.
1 €T X—oo /1 & X—o00 X

In Figure 8.4 we show graphically how to compute the area that is represented by floo x~2dx. Note that

2 4 8
/ t2dr =1/2, / z2dr =1/4, / z2dr =1/8
1 2 4

and so we would expect

/ T 2dr=1/24+1/44+1/8+---=1
1

as indeed this method does give. (See Figure 8.4.)

This is precisely Cauchy’s second method applied to unbounded intervals. Again, if you understand this
example, you understand the method.

We give a formal definition valid just for an infinite interval of the form [a,c0). The case (—o0,b] is
similar. The case (—o0, +00) is best split up into the sum of two integrals, from (—o0,a] and [a, c0), each
of which can be handled in this fashion. (See Exercise 8.5.2.)
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Figure 8.4. Computation of floo z 2dzx =1.

Definition 8.11: Let f be a continuous function on an interval [a, c0). Then we define
o9}
/ f(z)dzx
a

Jim / * b de

X—o00

to be

if this limit exists, and in this case the integral is said to be convergent. If both integrals

(e} [e.e]
/ f(z)dx and / |f(z)| dx
a a
converge the integral is said to be absolutely convergent.

Again, the role of the extra condition of absolute convergence is much like its role in the study of infinite
series. Note that the integral floo ™2 dx is convergent and also absolutely convergent merely because the
integrand is nonnegative.

Exercises

8.5.1 Formulate a definition of the integral ffoo f(z) dz for a function continuous on (—oo, b]. Supply examples of
convergent and divergent integrals of this type.
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8.5.2

8.5.3
8.5.4

8.5.5

8.5.6

8.5.7

8.5.8

8.5.9

8.5.10

8.5.11

Formulate a definition of the integral fix;c f(z) dx for a function continuous on (—oo,00). Supply examples
of convergent and divergent integrals of this type.
SEE NoTE 230

For what values of p is the integral floo 7P dxr convergent?

Show that -
/ z"e " dx = nl.
0

Let f be a continuous function on [1,00) such that lim, .o f(z) = a. Show that if the integral [ f(z)dx
converges, then « must be 0.

Let f be a continuous function on [1, 00) such that the integral floo f(x) dz converges. Can you conclude that
lim, o f(z) =07

Let f be a continuous, decreasing function on [1,00). Show that the integral floo f(z) dx converges if and
only if the series > ° | f(n) converges.
Give an example of a function f continuous on [1,00) so that the integral floo f(z) dx converges but the series
oo f(n) diverges.
Give an example of a function f continuous on [1,00) so that the integral [ f(z)dx diverges but the series
Yoo, f(n) converges.
Show that
/ * sinx
dx
O (L‘

is convergent but not absolutely convergent.
SEE NoTE 231

(Cauchy Criterion for Convergence) Let f : [a,00) — R be a continuous function. Show that the
integral faoo f(x) dz converges if and only if for every € > 0 there is a number M so that, for all M < ¢ < d,

/cd f(z)dz

< E.
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8.5.12 (Cauchy Criterion for Absolute Convergence) Let f : [a,00) — R be a continuous function. Show that
the integral faoo f(x) dx converges absolutely if and only if for every e > 0 there is a number M so that, for
all M < c < d,

d
/ L)t < =

8.5.13 As a project determine which of the properties of the integral in Section 8.3 (which apply only to continuous
functions on a finite interval) can be extended to integrals on an infinite interval [a, co]. Give proofs.

8.6 The Riemann Integral

Thus far in our discussion of the integral we have defined the meaning of the symbol

/: f(z) da

first for all continuous functions, by Cauchy’s first method, and then for functions that may have a finite
number of discontinuities at which the function is unbounded, by Cauchy’s second method.

Let us return to Cauchy’s first method. We ask just how far this method can be applied. It can be
applied to all continuous functions; that was the content of Theorem 8.1. It can be applied to all bounded
functions with finitely many discontinuities (Exercise 8.2.15). It can be applied to some bounded functions
with infinitely many discontinuities (Exercise 8.2.16).

Rather than search for broader classes of functions to which this method applies, we adopt the viewpoint
that was taken by Riemann. We simply define the class of all functions to which Cauchy’s first method can
be applied and then seek to characterize that class. This represents a much more modern point of view
than Cauchy would have taken with his much more limited idea of what a function is. Note that we need
only turn Theorem 8.1 into a definition.
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Definition 8.12: Let f be a function on an interval [a,b]. Suppose that there is a number I such that for
all € > 0 there is a 6 > 0 so that

L€

> F&) @k —ap) — 1

k=1

whenever [zg, 1], [x1,22], ..., [Tn_1,2n], is a partition of the interval [a,b] into subintervals of length less
than 0 and each & is a point in the interval [xg_1,2g]. Then f is said to be Riemann integrable on [a,b]

and we write )
[ t@ds

for that number I.

We can call the set of points
m = {xg,T1,%2,...,Tn-1,Tn}

the partition of the interval [a, b] or, equivalently, if it is more convenient, the set of intervals

['wO)xl]a [$17$2]7 I [:Enflaxn]

can be called the partition. The points & that are chosen from each interval [zj_1, 2] are called the
associated points of the partition. Notice that in the definition the associated points can be freely chosen
inside the intervals of the partition.

Loosely a function f is Riemann integrable if the limit of the Riemann sums for f exists over that
interval. The program now is to determine what classes of functions are Riemann integrable and to obtain
characterizations of Riemann integrability. We shall investigate this in the remainder of this section.

We need also to find out whether the properties of the integral that hold for continuous functions now
continue to hold for all Riemann integrable functions. We shall consider that in the next section.

Two observations are immediate from our earlier work:

All continuous functions are Riemann integrable.
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All Riemann integrable functions are bounded.

In light of this last statement we see that the Riemann integral is somewhat limited in that it will not do
anything to handle unbounded functions. For that we must still return to Cauchy’s second method. But,
as we shall see, the Riemann integral will handle many bounded functions that are badly discontinuous
(but not too badly). As research progressed in the nineteenth century the Riemann integral became the
standard tool for discussing integrals of bounded functions. For unbounded functions Cauchy’s second
method continued to be employed, although other methods emerged.

By the early twentieth century the Riemann integral was abandoned by all serious analysts in favor of
Lebesgue’s integral. The Riemann integral survives in texts such as this mainly because of the technical
difficulties of Lebesgue’s better, but more difficult, methods.

8.6.1 Some Examples

All Riemann integrable functions are bounded. All continuous functions are Riemann integrable. In order
to obtain some insight into the question as to what functions are Riemann integrable we present some
examples, first of a bounded function that is not integrable and then of a badly discontinuous function that
is integrable.

Example 8.13: Here is an example of a function that is bounded but “too discontinuous” to be Riemann
integrable. On the interval [0, 1] let f be the function equal to 1 for x rational and to 0 for = irrational. Let

[0, z1], [x1,22], - ., [Tn—1,Zn)

be any partition. If we choose associated points & € [zx_1, 2k so that & is rational, then the Riemann

Sum
n

D ) @k —ap1) =) (ak —wp1) =1 (2)
h=1

k=1
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while if we choose associated points 7y € [xg_1, 2] so that n is irrational

> ) (= — wp1) = 0. 3)

k=1
Because of (2) and (3), the integral fol f(z) dx cannot exist. <

Example 8.14: Recall the Dirichlet function (Section 5.2.6) which provides an example of a function that
is discontinuous at every rational number and continuous at every irrational. We show that this function is
Riemann integrable. On the interval [0, 1] let f(0) = 0, at rational numbers f(p/q) = 1/q for 0 < p/q <1
(assuming that p/q has been expressed in its lowest terms) and to f(z) = 0 for z irrational.

Let € > 0. Let gp be any positive integer larger than 2/e. We count the number of points z in [0, 1] at
which f(x) > 1/qo. There are finitely many of these, say M of them. Choose ¢; sufficiently small so that
any two of these points are further apart than 26;. Choose § < d; so that (for reasons that become clear
only after all our computations are done) M§ < £/2. This will allow us to use the inequality

Mé+1/qo <e. (4)

Let
[0, 1], [x1,22], ..., [Tn-1,Zn]

be any partition chosen so that each of the intervals is shorter than §. For any choice of associated points
&k € [rk_1, k] wWe note that either

(1) f(&) = 0if & = 0 or if & is irrational, or
(ii) f(&k) > 1/qo if & is one of the M points counted previously, or
(iii) 0 < f(&) < 1/qo if & is any other rational point.

We can estimate the Riemann sum

> (&) @k — wra)

k=1



514 The Integral  Chapter 8

by considering separately these three cases. Case (i) evidently contributes nothing to this sum. Case (ii)

can contribute at most M ¢ to this sum since each interval in the partition can contain at most one of the
points of type (ii) and there are only M such points. Finally, case (iii) can contribute in total no more than
1/qo. Thus, using the inequality (4), we have

0< Zf(fk)(lfk —xp—1) S Mé+1/qo <e.
k=1

This proves that the integral fol f(z)dx = 0. Considering just how discontinuous this function is (it has a
dense set of discontinuities) it is startling that it is nonetheless integrable. |

8.6.2 Riemann’s Criteria
O Advanced section. May be omitted.

What bounded functions then are Riemann integrable? The answer is that such functions must be
“mostly” continuous. The example of the very discontinuous function in Example 8.13 suggests this. On
the other hand, Example 8.14 shows that the discontinuities of a Riemann integrable function might even
be dense. Riemann first analyzed this by using the oscillation of the function f on an interval. We recall
(Definition 6.24) that this is defined as

wf([e,d]) = sup f(z)— inf f(z).
z€[e,d] z€[c,d]
This measures how much the function f changes in the interval [c, d]. For a continuous function this is just
the difference between the maximum and minimum values of f on [¢,d] and will be small if the interval
[c,d] is small enough.
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Theorem 8.15 (Riemann) A function f defined on an interval [a,b] is Riemann integrable if and only if
for every e > 0 there is a 0 > 0 so that

wa([xk,l,xk])(xk = .%‘k,l) <e€
k=1

whenever [xg, x1], [X1,%2], ..., [Tn—1,Tn], is a partition of the interval [a,b] into subintervals of length less
than §.

Proof. If f is Riemann integrable on [a,b] with integral I, then for any e > 0 there must be a § > 0 so
that any two Riemann sums taken over a partition with intervals smaller than § are both within £/4 of I.
In particular, we have

D FE) @k — 1) = D fOmw) @k — zp1)| < /2
k=1 k=1
whenever [zg, x1], [z1,22], ..., [n-1, %], i & partition of the interval [a, b] into subintervals of length less

than . Here & and 7y are any choices from [zj_1,z]. We rewrite this as

n

> 1F(&) = FOm))(@x — wx—1)

k=1

<g/2<e. (5)

Now notice that

sup  (f(&) — f(n) = wf(lwr—1,21]).

N,E€[TK—1,2k]
Thus we see that the criterion follows immediately on taking sups over these choices of & and 7 in the
inequality (5).
The other direction of the theorem can be interpreted as a “Cauchy criterion” and proved in a manner
similar to all our other Cauchy criteria so far in the text (indeed similar to the proof of Theorem 8.1). We
omit the details. [ |

Theorem 8.15 offers an interesting necessary and sufficient condition for integrability. It is awkward to
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use the sufficiency criterion here since it demands that we check that all small partitions have a certain
property. The following variant is a little easier to apply since we need find only one partition for each
positive €.

Theorem 8.16: A function f on an interval [a,b] is Riemann integrable if and only if for every e > 0 there
is at least one partition [xg,x1], [T1,22], ..., [Tn-1,%x], of the interval [a,b] so that
n

wa([xk—laxk])(xk —xp-1) <€

k=1

Proof. By Theorem 8.15 we see that if f is Riemann integrable there would have to exist such a partition.
In the opposite direction we must show that the condition here implies integrability. Certainly this

condition implies that f is bounded (or else this sum would be infinite) and so we may assume that

|f(z)| < M for all x. This gives us a useful, if crude, estimate on the size of the oscillation on any interval

[c, d]:

wf([e,d]) < 2M.

Let ¢ > 0. We shall find a number  so that the criterion of Theorem 8.15 is satisfied. Let [zg, z1],
[x1,22], ..., [Tn—1,%,] be the partition whose existence is given. We use that to find our §. Choose §
sufficiently small so that

2Mné < e.
Now let
[y07y1]7 [yby?]? DR [ym—hymL

be any partition of the interval [a,b] into subintervals of length less than . These intervals are of two

types: Type (i) are those that are contained entirely inside intervals of our original partition, and type (ii)
are those that include as interior points one of the points xp for £k = 1,2,...,n — 1. In any case there are
only n — 1 of these intervals and each is of length less than §. Thus, using just a crude estimate on each of
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these terms, the intervals of type (ii) contribute to the sum

m

> wf (lyr—1,ux)) (9 — yr-1)

k=1
no more than (2M)nd. The sum taken over all the type (i) intervals must be smaller than

m

wa([l’kfl; zi] )z — T3—1) < €.
k=1
Thus the total sum
m
wa([ykflyyk})(yk —Yp—1) < 2Mnd + € < 2e.
k=1
It follows by the criterion in Theorem 8.15 that f is Riemann integrable as required. [ ]

8.6.3 Lebesgue’s Criterion
0 Advanced section. May be omitted.

Theorem 8.16 is beautiful and seemingly characterizes the class of Riemann integrable functions in a
meaningful way. But at the time of Riemann there was only an imperfect understanding of sets of real
numbers and so it did not occur to Riemann that the property of Riemann integrability for a bounded
function f depended exclusively on the nature of the set of points of discontinuity of f. Indeed the condition

n
wa([:ck_l,xk])(a;k —Tp_1) <€
k=1
on the oscillation of the function suggests that something more subtle than just this is happening.

In 1901 Henri Lebesgue completed this theorem by using the notion of a set of measure zero. Recall (from
Section 6.8) that a set E of real numbers is of measure zero if for every € > 0 there is a sequence of intervals
{(ci,d;)} covering all points of E and with total length > -2 (d; — ¢;) < e. The exact characterization of
Riemann integrable functions is precisely this: They are bounded (as we already well know) and they are
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continuous at all points except perhaps at the points of a set of measure zero. (In modern language they
are said to be continuous almost everywhere or continuous a.e.)

Theorem 8.17 (Riemann-Lebesgue) A function f on an interval [a,b] is Riemann integrable if and
only if f is bounded and the set of points in [a,b] at which f is not continuous is a set of measure zero.

Proof.  The necessity is not difficult to prove but is the least important part for us. The sufficiency is
more important and harder to prove. Throughout the proof we require a familiarity with the notion of the
oscillation wy(x) of a function f at a point x as discussed in Section 6.7. Recall that this value is positive
if and only if f is discontinuous at x.

Let us suppose that f is Riemann integrable. Certainly f is bounded. Fix e > 0 and consider the set
N (e) of points x such that the oscillation of f at x is greater than e; that is, so that

wg(z) > e.
Any interval (¢, d) that contains a point z € N(e) will certainly have
wiie,d) > e.
Let € > 0 and use Theorem 8.15 to find intervals

[0, z1], [x1,%2], .., [Tn_1,Zn],

forming a partition of the interval [a, b] and such that
n

wa([wk,l,mk](xk —Tp_1) < €e/2.

k=1
Select from this collection just those intervals that contain a point from N(e) in their interior. The total
length of these intervals cannot exceed (ec)/(2e) since for each such interval [xp_1,x;] we must have
wf([zp-1,2K]) = e

Thus we have succeeded in covering the set N(e) by a sequence of open intervals (zp_1,x)) of total

length less than €/2, except for an oversight. One or more of the points {x;} might be in the set N(e), and
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we have neglected to cover it. Since there are only finitely many such points, we can add a few sufficiently
short intervals to our collection.

Thus we have proved that for any e > 0 the set N(e) can be covered by a collection of open intervals of
total length less than . It follows that N(e) has measure zero. But the set of points of discontinuity of f
is the union of the sets N (1), N(1/2), N(1/4), N(1/8), .... Since each of these is measure zero, it follows
from Theorem 6.34 that the set of points of discontinuity of f has measure zero too as required.

This proves the theorem in one direction. In the other suppose that f is bounded, say that |f(x)| < M
for all x and that the set E of points in [a,b] at which f is not continuous is a set of measure zero. Let
€ > 0. By Theorem 8.16 we need to find at least one partition

[zo, z1], [T1, 2], ..., [@n-1,Zn]

of the interval [a, b] so that

n

wa([xk,l, z]) (T — Tk-1) < €.

k=1
Let E; denote the set of points z in [a, b] at which the oscillation is greater than or equal to £/(2(b—a));
that is, for which
wi(@) = /(20— a)).
This set is closed (see Theorem 6.27) and, being a subset of F, it must have measure zero. Now closed sets
of measure zero can be covered by a finite number of small open intervals of total length smaller than

e/(4M +1).

(See Theorem 6.35.) We can assume that these open intervals do not have endpoints in common. Note
that, at points in the intervals that remain, the oscillation of f is smaller than ¢/(2(b — a)). Consequently,
these intervals may be subdivided into smaller intervals on which the oscillation is at least that small
(Exercise 8.6.6).

Thus we may construct a partition

[anle [331,332], ey [xn—l’xn]a
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of the interval [a, b] consisting of two kinds of closed intervals: (i) the first kind cover all the points of F;
and have total length smaller than ¢/(4M + 1) and (ii) the remaining kind contain no points of E; and the
oscillation of f on each of these intervals is smaller than £/(2(b — a)); that is,

wf([zr—1,21]) <e/(2(b = a)).

The sum

Y wf (k-1 @]) (@), — 1)
k=1

splits into two sums depending on the intervals of type (i) or type (ii). The former sum contributes no
more than

(2M) xe/(AM +1) < e/2
while the latter sum contributes no more than
e/(2(b—a)) x (b—a)=¢/2.
Altogether, then,

wa([xkq,ﬂﬂk])(fﬁk —zk-1) <€
k=1
and the proof is complete. [ |

8.6.4 What Functions Are Riemann Integrable?
O Advanced section. May be omitted.

Theorem 8.17 exactly characterizes those functions that are Riemann integrable as the class of bounded
functions that do not have too many points of discontinuity. We should recognize immediately that certain
types of functions that we are used to working with are also integrable. We express these as corollaries to
our theorem. (Recall that step functions were defined in Section 5.2.6.)

Corollary 8.18: Fuvery step function on an interval [a,b] is Riemann integrable there.
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Proof. A step function is bounded and has only finitely many discontinuities. Thus the set of discontinuities
has measure zero. Consequently, the corollary follows from Theorem 8.17. [ |

Corollary 8.19: FEvery bounded function with only countably many points of discontinuity in an interval
[a, b] is Riemann integrable there.

Proof. 'The corollary follows directly from Theorem 8.17 since countable sets have measure zero. |

Corollary 8.20: Every function monotonic on an interval [a,b] is Riemann integrable there.

Proof. A monotonic function is bounded and has only countably many discontinuities. Consequently, this
corollary follows from the preceding corollary. [ |

Corollary 8.21: If a function f is Riemann integrable on an interval [a,b] then the function |f| is also
Riemann integrable on that interval.

Proof. The corollary follows directly from Theorem 8.17 since if f is Riemann integrable on [a, b] it must
be bounded and continuous at every point except a set of measure zero. Exercise 8.6.7 shows that |f| has
precisely the same properties. [ |

Exercises

8.6.1 Show directly from Theorem 8.16 that the characteristic function of the rationals is not Riemann integrable
on any interval.
SEE NoTE 232

8.6.2 Show that the product of two Riemann integrable functions is itself Riemann integrable.

8.6.3 If f is Riemann integrable on an interval and f is never zero, does it follow that 1/f is Riemann integrable
there? What extra hypothesis could we invoke to make this so?

SEE NoTE 233
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8.6.4

8.6.5

8.6.6

8.6.7

8.6.8
8.6.9

If f is Riemann integrable on an interval [a, b] show that for every € > 0 there are a pair of step functions
L(z) < f(z) <U(x)
so that

/ ) — D))l =

SEE NOoTE 234

Let f be a function on an interval [a, b] with the property that for every € > 0 there are a pair of step functions
L(z) < f(x) < U(x) so that

b
/ (U(z) — L(z))dz < e.
Show that f is Riemann integrable.

Suppose that the oscillation wy(z) of a function f is smaller than 7 at each point z of an interval [c, d]. Show
that there must be a partition [z, z1], [x1,22], ..., [Tn_1, %], of [¢,d] so that the oscillation

wf([ze-1,2x]) <n
on each member of the partition.

SEE NOTE 235

Show that the set of points at which a function F' is discontinuous includes all points at which |F| is
discontinuous but not conversely. Deduce Corollary 8.21 as a result of this observation from Theorem 8.17.

Deduce Corollary 8.18 directly from Theorem 8.15 rather than from Theorem 8.17.
Deduce Corollary 8.19 directly from Theorem 8.15.

8.6.10 Deduce Corollary 8.20 directly from Theorem 8.15.
8.6.11 Show that the converse of Corollary 8.21 does not hold.
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8.7 Properties of the Riemann Integral

00 The proofs in this section make use of the Lebesgue criterion for integrability. You may skip the
proofs and just see how the properties are essentially unchanged from Section 8.3 for Cauchy’s original
integral.

The Riemann integral is an extension of Cauchy’s first integral from continuous functions to a larger
class of bounded functions—those that are bounded and continuous except at the points of a small set (a
set of measure zero). We have enlarged the class of functions to which the notion of an integral may be
applied. Have we lost any of our crucial properties of Section 8.37

These properties express how we expect integration to behave; it would be distressing to lose any of
them. In some cases they remain completely unchanged. In some cases they need to be modified slightly.
But our goal was never simply to integrate as many functions as possible; it is to preserve the theory of the
integral and to apply that theory sufficiently broadly to handle all necessary applications. If we lose our
basic properties we have lost too much. Fortunately the Riemann integral keeps all of the basic properties
of the integral of continuous functions. The few differences should be carefully noted. Note especially how
some of the properties must be rephrased.

8.22 (Additive Property) If f is Riemann integrable on both intervals [a,b] and [b, c] then it is Riemann

integrable on |a,c| and
b @ ©
/a f(x)dw+/b f(w)dx:/a f(x)da.

Proof. The proof of the identity need not change from the way we handled it for continuous functions
(check this). It is the first assertion in the statement that must be verified. We prove that f is Riemann
integrable on [a, ].

By Theorem 8.17 if f is Riemann integrable on both of these intervals it is bounded on both and the
set of points of discontinuity in each interval has measure zero. It follows that f is bounded on [a, c]. Also,
its set of points of discontinuity in [a, ] is the union of the set of points of discontinuity in [a,b] and [b, c|
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together with (possibly) the point b itself. Thus the set of points of discontinuity in [a, ¢] is also of measure
zero. Consequently, by Theorem 8.17, f is Riemann integrable. [ |

8.23 (Linear Property) If f and g are both Riemann integrable on [a,b], then so too is any linear
combination of + Bg and

/ab[af(:c) + Bg(z)] dz = oz/ab f(x)dz + ﬂ/abg(x) di.

Proof.  Again the proof of the identity does not change from the way we handled it for continuous
functions (check this). It is the first assertion in the statement that needs to be verified. We must prove
that af + B¢ is Riemann integrable on [a, b).

The points of discontinuity of the function function af 4+ (g are either points of discontinuity of f or
else they are points of discontinuity of g. If both functions f and g are Riemann integrable, then they are
both bounded and continuous except at the points of a set of measure zero. It follows that of + Gg is
bounded and continuous except at the points of a set of measure zero. Hence, by Theorem 8.17, a.f + Bg
is Riemann integrable. [ |

8.24 (Monotone Property) If f and g are both Riemann integrable on |a,b], then, if f(z) < g(z) for

all a < x < b,
b b
/f(a:)dx</ g(x) dzx.

Proof. The proof for continuous functions works equally well here. [ |
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8.25 (Absolute Property) If f is Riemann integrable on [a,b], then so too is |f| and

/\f ydg;</f dx</]f )| dz
< [ r@laz

Proof.  The proof for continuous functions works equally well here because we have already shown, in
Corollary 8.21 that if f is Riemann integrable on [a, b], then so too is | f]. [ |

or, equivalently,

x)dx

Fundamental Theorem of Calculus The next two properties, 8.26 and 8.27, are important. They show how
the processes of integration and differentiation are inverses of each other. Together they are known as the
fundamental theorem of calculus for the Riemann integral. You should note, however, a weakness in this
theory. If we compute F’ we cannot immediately conclude from 8.27 that f; F'(z)dx = F(b) — F(a). We
need first to check that F’ is Riemann integrable. This may not always be easy. Worse yet, it may be false,
even for bounded derivatives (see the discussion in Section 9.7). It was this failure of the Riemann integral
to integrate all derivatives that Lebesgue claimed was his motivation to look for a more general theory of
integration.

8.26: (Differentiation of the Indefinite Integral) If f is Riemann integrable on |a,b] then the function

:/:f(t)dt

is continuous on [a,b] and F'(x) = f(x) at each point x at which the function f is continuous.

Proof. Once again, the proof for continuous functions works equally well here. Note, however, that we are
no longer trying to prove that F'(z) = f(z) at every point x, only at those points x where f is continuous.
It is left to you to check the proof and verify that it works here, unchanged. [ |
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8.27 (Integral of a Derivative) Suppose that the function F is differentiable on [a,b]. Provided it is
also true that F' is Riemann integrable on [a,b], then

b
/ F'(z)dz = F(b) — F(a).
a
Proof. Again the proof for continuous functions works here. [ |

Exercises
8.7.1 Give a set of conditions under which the integration by substitution formula

b ¢(b)
/f@@W@ﬁZ/ f@)de
a qb(a)

holds.

SEE NOoTE 236

8.7.2 Give a set of conditions under which the integration by parts formula

b b
[ 10 @ dt = £0)9) - F@)gta) - [ £io)gte)de
holds.
8.7.3 Suppose that f is Riemann integrable on [a, b] and define the function

F(z) = / " r)dt.

(a) Show that F satisfies a Lipschitz condition on [a, b]; that is, that there exists M > 0 such that for every
z,y € [a,b],
|F(y) — F(x)| < Mly — xl.
(b) If x is a point at which f is not continuous is it still possible that F’(x) = f(z)?
(c) Is it possible that F’(x) exists but is not equal to f(z)?
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8.7.4

8.7.5

8.7.6

8.7.7

8.7.8

8.7.9

(d) Is it possible that F’(z) fails to exist?
The function .
F(x) :/ sin(1/t) dt
0
has a derivative at every point where the integrand is continuous. Does it also have a derivative at x = 07

Improve Property 8.27 by assuming that F' is continuous on [a,b] and allowing that F’ exists at all points of
[a, b] with finitely many exceptions.

Y Do much better than the preceding exercise and improve Property 8.27 by assuming that F is continuous
on [a,b] and allowing that F’ exists at all points of [a,b] with countably many exceptions.

If f and g are Riemann integrable on an interval [a, b] show that

< / ' fa)(a) dm>2 < ( / b[f(:v)]Qda:) ( / b[g@]zdx) .

This extends the Cauchy-Schwarz inequality of Exercise 8.3.10.

Show that the integration by parts formula of Exercise 8.3.7 extends to the case where f and g are continuous
and f’ and ¢’ are Riemann integrable.

Y (More on the Fundamental Theorem of Calculus) Let f be bounded on [a, ] and continuous a.e. on
[a,b]. Suppose that F' is defined on [a,b] and that F’(x) = f(x) for all = in [a, b] except at the points of some
set of measure zero.

(a) Is it necessarily true that F(z) — F(a) = / f(t) dt for every x € [a,b]?

(b) Same question as in (a) but assume also that F is continuous.

(¢) Same question, but this time assume that F' is a Lipschitz function. You may assume the nonelementary
fact that a Lipschitz function H with H' = 0 a.e. must be constant.

(d) Give an example of a Lipschitz function F such that F is differentiable, F’ is bounded, but F’ is not
integrable.

SEE NoTE 237
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8.8 The Improper Riemann Integral

O Enrichment section. May be omitted.
The Riemann integral applies only to bounded functions. What should we mean by the integral

1 dif?
0o VT
Since the integrand is unbounded on [0, 1], it is not Riemann integrable even though the integrand is
continuous at all but one point. There is not much else for us to do but to back track by several decades
and return to Cauchy’s second method; namely, we compute
1
lim F(6) = lim dr _
5—0+ §—0+ J5s T
What we should probably do now is to create a new hybrid integral by combining the Riemann integral

with Cauchy’s second method. This is often called the improper Riemann integral. As before we give a
definition that considers only one point of unboundedness (at the left endpoint of the interval) with the
understanding that the ideas can be applied to any finite number of such points.

2.

Definition 8.28: Let f be a function on an interval (a, b] that is Riemann integrable on [a + ¢, b] and that
is unbounded in the interval (a,a 4 §) for every 0 < § < b — a. Then we define

/abf(x)dx

b

li d

to be

if this limit exists, and in this case the integral is said to be convergent. If both integrals

/abf(as) dz and /:|f(az)]d:c

converge the integral is said to be absolutely convergent.



Section 8.8. The Improper Riemann Integral 529

In the same way we also extend the Riemann integral from bounded intervals to unbounded ones. How
should we interpret the integral
 dx
—7
| =

This cannot exist as a Riemann integral since the definition is clearly restricted to finite intervals and would
not allow any easy interpretation for infinite intervals. As before we use Cauchy’s second method to obtain

* dx ) X dx ) 1
- = hm -5 = hm 1 - = 1,
1 az X—oo J1 T X—00 X

We give a formal definition valid just for an infinite interval of the form [a,c0). The case (—o0,b] is
similar. The case (—o0, +00) is best split up into the sum of two integrals, from (—o0,a] and [a, c0), each
of which can be handled in this fashion.

Definition 8.29: Let f be a function on an interval [a,c0) that is Riemann integrable on every interval
[a,b] for a < b < co. Then we define
o0
| @
a

lim /a : f(x)dx

X—o0

to be

if this limit exists, and in this case the integral is said to be convergent. If both integrals

/ f(z)dr and / |f(z)| dx
converge the integral is said to be absolutely convergent.

Both of these definitions extend the Riemann integral to a more general concept. Note that in any
applications using an improper Riemann integral of either type, we are obliged to announce whether the
integral is convergent or divergent, and frequently whether it is absolutely or nonabsolutely convergent.
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It might seem that this theory would be important to master and represents the final word on the
subject of integration. By the end of the nineteenth century it had become increasingly clear that this
theory of the Riemann integral itself was completely inadequate to handle the bounded functions that
were arising in many applications. The extra step here, using Cauchy’s second method, designed to handle
unbounded functions, also proved far too restrictive. The modern theory of integration was developed in
the first decades of the twentieth century. The methods are different and even the language needs many
changes.

Thus, the material in these last few sections has largely a historical interest. Some mathematicians claim
it has only that, others that learning this material is a good preparation for learning the more advanced
material.

Exercises

8.8.1 For what values of p, g are the integrals

/1 sinxdx and /1 (sinx)? i
o P o

ordinary Riemann integrals, convergent improper Riemann integrals, or divergent improper Riemann integrals?

8.9 More on the Fundamental Theorem of Calculus
0 Enrichment section. May be omitted.

The Riemann integral does not integrate all bounded derivatives and so the fundamental theorem of
calculus for this integral assumes the awkward form

b
/ F'(z)dz = F(b) — F(a)

provided F is differentiable on [a, b] and the derivative F' is Riemann integrable there.
The emphasized phrase is unfortunate. It means we have a limited theory and it also means that, in
practice, we must always check to be sure that a derivative F’ is integrable before proceeding to integrate
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it. In Section 9.7 we shall show how to construct a function F' that is everywhere differentiable on an
interval and whose derivative F’ is bounded but not itself Riemann integrable on any subinterval.

Let us take another look at the integrability of derivatives to see if we can discover what goes wrong.
We take a completely naive approach and start with the definition of the derivative itself. If F/ =
everywhere, then, at each point & and for every € > 0, there is a § > 0 so that

|F(z") — F(z') — f(€)(a" — )| <e(a" —2) (6)
for x/ <& <z’ and 0 < 2" — 2/ < 6.
A careless student might argue that one can recover F'(b) — F(a) as a limit of Riemann sums for f as
follows. Let
a=xp<x1 <9< - <xp,=0>

be a partition of [a, b], and let & € [z;—1,x;]. Then

n

F(b)—F(a):Z(F(le ngl Tj — Tj— 1) +R

i=1
where
n
R=) (F F(zi1) — f(&)(zi — 2i-1)) -
i=1
Thus F'(b) — F(a) has been given as a Riemann sum for f plus some error term R. But it appears now
that, if the partition is finer than the number § so that (6) may be used, we have

Bl < Y |F@i) - Flwioa) - £(6) (@i — 1)
=1l

n

< ZE(IL‘z = :El'fl) = €(b = a).

=1



532 The Integral  Chapter 8

Evidently, then, if there are no mistakes here it follows that f is Riemann integrable and that fab f(t)dt =
F(b) — F(a).

This is false, as we have mentioned, and we leave if for you in Exercise 8.9.1 to spot the error. But,
instead of abandoning the argument, we can change the definition of the Riemann integral to allow this
argument to work. The definition changes to look like this.

Definition 8.30: A function f is generalized Riemann integrable on [a,b] with value I if for every € there
is a positive function § on [a, b] so that

Z FE) (@i —zia) — 1| < e

whenever
a=zg<xr1<T9<---<xTp=">

is a partition of [a, b] with & € [x;—1,2;] and 0 < z; — xi—1 < 6(&;).

The integral ff f(x) dx is taken as this number I that exists. It is easy to check that if f is Riemann
integrable it is also generalized Riemann integrable and the integrals have the same value. Thus this new
integral is an extension of the old one. To justify the definition requires knowing that such partitions
actually exist for any such positive function ¢; this is supplied by the Cousin theorem (Lemma 4.26).

This defines a Riemann-type integral that includes the usual Riemann integral and integrates all
derivatives. The generalized Riemann integral was discovered in the 1950s, independently, by R. Henstock
and J. Kurzweil, and these ideas have led to a number of other integration theories that exploit the
geometry of the underlying space in the same way that this integral exploits the geometry of derivatives on
the real line.

We shall not carry these ideas any further but refer you to the monographs of Pfeffer! or Gordon.?

'W. F. Pfeffer, The Riemann Approach to Integration: Local Geometric Theory. Cambridge University Press (1993).
2R. A. Gordon, The Integrals of Lebesque, Denjoy, Perron and Henstock. Grad. Studies in Math., 4, Amer. Math. Soc.
(1994).
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Exercises

8.9.1 Spot the error in the careless student argument given in the text.

SEE NOTE 238

8.9.2 Develop the elementary properties of the generalized Riemann integral directly from its definition.

SEE NoTE 239

8.9.3 Show directly from the definition that the characteristic function of the rationals is not Riemann integrable
but is generalized Riemann integrable on any interval and that fol f(z)dx = 0.

8.9.4 Show that the generalized Riemann integral is closed under the extension procedure of Cauchy from Section 8.4.

8.10 Challenging Problems for Chapter 8

8.10.1 Let m(f,7) and M(f, ) denote the upper and lower sums over a partition 7 for a bounded function f.
Define the upper and lower integrals as

b b
/f(x)dx:infM(f,ﬂ') and /f(x)da:zinfm(f,ﬂ')

where the inf and sup are taken over all possible partitions 7 of the interval [a,b]. We say f is Darbouz
integrable if the upper and lower integrals are equal.

b b
(a) Show that/f(m)dxg/f(x) dzx.

(b) Show that every Riemann integrable function is Darboux integrable.
(¢) Show that every Darboux integrable function is Riemann integrable.
(d) Show that if f is Riemann integrable, then

/abf(x)dx:/:)f(w)dac:/abf(;v)dm.
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(e) Show that

" b T b " b
[ 0@ +s@yar< [ o+ [g@as
with strict inequality possible.

SEE NoTE 240

8.10.2 Let f:[0,1] — R be a differentiable function such that |f'(x)| < M for all z € (0,1). Show that

/01f<x>dx—i§f(ﬁ) M

< .
n

SEE NoTE 241

Notes

226 xercise 8.2.1. You will need to find a formula for
n
S
=1

22TExercise 8.2.9. Be sure, first, to check that these associated points are legitimate. Show that each of these sums
has the same value (think of telescoping sums!). What, then, would be the limit of the Riemann sums?

228Fxercise 8.3.10. This is called the Cauchy-Schwarz inequality and is the analog for integrals of that inequality in
Exercise 3.5.13. It can be proved the same way and does not involve any deep properties of integrals.

229Exercise 8.4.5. It would converge for all continuous functions.



NOTES 535

/_C: f(z)dx
/;f(x)dz

/:O f(z)dx.

Be sure to prove that this definition would not depend on the choice of a.

230Exercise 8.5.2. Define

to be the sum of

and

231 Exercise 8.5.10. Compare with Exercise 3.4.26. Note, too, that it may seem to require special handling at the
left-hand endpoint but it does not.

232Exercise 8.6.1. Note that this function is discontinuous everywhere and that
wf(le,d]) =1
for every interval [c, d].

23Exercise 8.6.3. The answer is no. It would be true if |f| > ¢ > 0 everywhere. Equivalently, it is true if 1/f is
bounded.

234Exercise 8.6.4. Step functions were defined in Section 5.2.6. If you sketch a picture of what the approximating
sums look like, the step functions needed should be apparent.

Z5Exercise 8.6.6. The fact that the oscillation of a function f is smaller than 7 at each point of an interval [c, d] is
a local condition. Express it by using a d(z) at each point. Now use a compactness argument (e.g., Heine-Borel) to
get a uniform size that works.

26 xercise 8.7.1. Make ¢’ integrable and f continuous at each point ¢(t) for ¢ € [a, b].

BTExercise 8.7.9. For (a): What if F is discontinuous? For (b): Consider the Cantor function (Section 6.5.3).
For (d): This is not easy! We will discuss this in Section 9.7.
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238FExercise 8.9.1. The error is that the choice of § depends on the point ¢ considered and so is not a constant. This
is an error you have doubtless made in other contexts: A local condition that holds for each point z is misinterpreted
as holding uniformly for all x.

239Exercise 8.9.2. Consider the integral of a sum f + g, the integral formula fab + [y =[5, etex
240Exercise 8.10.1. This exercise develops the theory of the Darbouz integral, which is equivalent to Riemann’s
integral but defined using infs and sups of “Darboux sums” rather than limits of Riemann sums. In preparation

Exercise 8.2.17 should be consulted.

241 Exercise 8.10.2. This is from the 1947 Putnam Mathematical Competition.





