








NOTES 395

Check that
∞
⋃

N=1

AN = [0, 1].

156Exercise 6.5.7. It is clear that there must be many irrational numbers in the Cantor ternary set, since that set
is uncountable and the rationals are countable. Your job is to find just one.

157Exercise 6.5.10. Consider G = (0, 1) \ C where C is the Cantor ternary set.

158Exercise 6.6.7. Often to prove a set identity such as this the best way is to start with a point x that belongs to
the set on the right and then show that point must be in the set on the left. After that is successful start with a point
x that belongs to the set on the left. For example, if f(x) > α, then

f(x) ≥ α+ 1/m

for some integer m. But
fn(x) → f(x)

and so there must be an integer R so that fn(x) > α+ 1/m for all n ≥ R, etc.

This exercise shows how unions and intersections of sequences of open and closed sets might arise in analysis.
Note that the sets

{x : fn(x) ≥ α+ 1/m}
would be closed if the functions fn are continuous. Thus it would follow that the set

{x : f(x) > α}

must be of type Fσ. This says something interesting about a function f that is the limit of a sequence of continuous
functions {fn}.

159Exercise 6.7.3. You need to recall Theorem 5.60, which asserts that monotone functions have left- and right-hand
limits.

160Exercise 6.9.2. This is from the 1964 Putnam Mathematical Competition.
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