











350 NOTES

139Exercise 5.9.13. You wish to show that (i) f is discontinuous at every point in C, indeed has a jump discontinuity
at each such point; (ii) f is continuous at every point not in C; (iii) f is nondecreasing; (iv) f is increasing on any
interval in which C'is dense; and (v) f is constant on any interval containing no point of C'.

The most direct and easiest proof that f is continuous at every point not in C' would be to use “uniform conver-
gence” but that is in a later chapter. Here you will have to use an e-§ argument.

M0Exercise 5.9.15. How large can the set of discontinuity points be?

Ml Exercise 5.9.16. The function f~! is defined on the interval J = [f(a), f(b)]. Explain first why it exists (not
all functions must have an inverse). Prove that it is increasing. Prove that it is continuous (using the fact that it is
increasing).

M2Exercise 5.10.1. The equation f(x +y) = f(x) + f(y) is called a functional equation. You are told about this
function only that it satisfies such a relationship and has a nice property at one point. Now you must show that this
implies more. Show first that f(0) = 0 and that f(z —y) = f(x) — f(y).

3Exercise 5.10.2. This continues Exercise 5.10.1. Show first that f(r) = rf(1) for all » = m/n rational. Then
make use of the continuity of f that you had already established in the other exercise.

M4Exercise 5.10.3. Show that either f is always zero or else f(0) = 1. Establish

flx—y) = f(x)/f(y)

M5Fxercise 5.10.5. Consider the intersection o
AN B.
M6Evercise 5.10.14. You will need to use the fact that

{z :lim sup f(z)>lim sup f(x)}

is countable. See Exercise 5.10.8.





