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Thus

f(@) = f(@o) < B — flxo),
and so f(z) < . Similarly,

f(@) = f(z0) > a — f(wo),
and so f(z) > a. Thus the relative neighborhood U = (xg — &, 79 + §) N A is a subset of f~!((a, 3)) and
hence also a subset of f~!(V). We have shown that each member of f~!(V) has a relative neighborhood
in f~1(V). That is, f~*(V) is open relative to A.

To prove the converse, suppose f satisfies the condition that for each open interval («, 3) with a < 3,

the set f~1((c, 3)) is open relative to A. Let 29 € A. We must show that f is continuous at xg. Let ¢ > 0,
B = f(xg) + ¢, a = f(xg) —e. Our hypothesis implies that f~!((c, 3)) is open relative to A. Thus

(e, B) = U(% bi) N A,
the union being a finite or countable union of pairwise disjoint open intervals. One of these intervals, say
(aj,bj), contains xg. Let
0 = min(zg — aj,b; — o).
For |x —zo| < § and x € A we find
a< f(z) < B.

Because = f(xg) + € and o = f(xg) — € we must have

|f (@) = f(xo)| <e.
This shows that f is continuous at zq. [ |

We spelled out the details of the proof of Theorem 5.37. This may have caused it to appear rather
lengthy. But the proof is nothing more than writing down in a rigorous way what some intuitive pictures
indicate. You might find that the neighborhood notion of continuity is a more natural one to use for
proving the theorem. We leave this as Exercise 5.4.23.

As a corollary let us point out that we can replace open sets by open intervals; thus to check continuity
of a function f it is enough to show that f~!((a, 3)) is open for every interval (c, 3).
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Corollary 5.38: Let f: A — R. Then f is continuous if and only if for every interval (o, 3), f~'((a, 3))
is open (relative to A).

Proof. We verify that the conditions (i) f~(V) is relatively open for all open V C R and (ii) f~!((a, 3))
is relatively open for all & < § are equivalent. But this is immediate. If (i) is satisfied, then (ii) is also,
since the requirement (ii) is just a special case of (i). On the other hand, if (ii) is satisfied and

V= U(aivﬂi)a
=Jr (s, 8))

Each of the sets f~1((ay, 3;)) is open by hypothesis, so f~1(V) is also open because it is a union of a family
of open sets. [ |

then

Example 5.39: Let f(z) =1/x (x > 0). We find
11
i@ =(53)-

Since (1/3,1/a) is open it would follow that f is continuous on (0, c0). <

Exercises

5.4.21 Prove that the function f(z) = 22 is continuous on R by using Theorem 5.37.
5.4.22 Prove that the function f(z) = |z| is continuous on R by using Theorem 5.37.
5.4.23 Prove Theorem 5.37 using the neighborhood definition of continuity.

5.4.24 Let f be continuous in a neighborhood U of the point zg. If f(z) < § for all x € U \ {z¢}, prove that
f(zo) < B. Show by example that we cannot conclude f(xo) < .
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5.4.25

5.4.26

5.4.27

5.4.28

5.4.29

5.4.30

5.4.31

5.4.32

Let f,g be defined on R. Suppose f(0) = 0 and f is continuous at = 0. Suppose g is bounded in some
neighborhood of zero. Prove that fg is continuous at = 0. Apply this to the function f(z) = xsin(1/z)
(f(0) =0) at 2 = 0.
Let x¢p € R. Following are four J-¢ conditions on a function f : R — R. Which, if any, of these conditions
imply continuity of f at x¢? Which, if any, are implied by continuity at xq?

(a) For every € > 0 there exists 0 > 0 such that if |z — x| < d, then |f(z) — f(z0)| < e.
(b) For every € > 0 there exists § > 0 such that if |f(z) — f(zo)| < d, then |z — x| < e.
(¢) For every € > 0 there exists 6 > 0 such that if |z — x| < e, then |f(z) — f(xo)| < 6.
(d) For every € > 0 there exists § > 0 such that if |f(z) — f(z0)| < &, then |z — 2| < 4.
Let 2y € R. Following are four é-¢ conditions on a function f : R — R. Which, if any, of these conditions
imply continuity of f at x¢? Which, if any, are implied by continuity at xzq?

(a) There exists € > 0 such that for each § > 0, if |[x — z¢| < 0, then |f(x) — f(zo)| < e.
(b) There exists € > 0 such that for each § > 0, if | f(z) — f(x0)| < 0, then |z — zo| < €.
(¢) There exists € > 0 such that for each 6 > 0, if |x — 29| < €, then |f(z) — f(z0)| < 0.
(d) There exists € > 0 such that for each 6 > 0, if | f(z) — f(x0)| < &, then |z — x¢| < 6.

For each of the eight conditions of Exercises 5.4.26 and 5.4.27, describe in words which functions satisfy the
condition. (Some of these conditions characterize familiar classes of functions, including the empty class.)

Let ACR, f: A— R, g: f(A) — R. Prove that if f is continuous at z¢p € A and g is continuous at f(zo),
then g o f is continuous at zp. Apply this to prove that if f is continuous at xg, then |f]| is continuous at z.

Using the notions of unilateral or one-sided limits, define left continuity of a function f at a point zy. Do the
same for right continuity. If f is defined in a neighborhood of =, prove that f is continuous at x if and only
if f is both left continuous and right continuous at xg.

Let f:R—R. Prove that f is continuous if and only if for every closed set K C R, the set f~!(K) is closed
in R. State carefully and prove the analogous result if f : A — R, where A is an arbitrary nonempty subset
of R.

Suppose f has the IVP on (a,b) and is discontinuous at xg € (a,b). Prove that there exists y € R such that
{z: f(z) =y} is infinite.
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5.5 Properties of Continuous Functions

We now present some of the most basic of the properties of continuous functions. The first theorem is an
algebraic one; it asserts that the family of continuous functions defined on a set has many of the properties
of an algebra: elements may be added, subtracted, multiplied, and (under some conditions) divided.

Theorem 5.40: Let f,g : A — R and let ¢ € R. Suppose f and g are continuous at xg € A. Then cf,
f+g and fg are continuous at xo. Furthermore, if g(xo) # 0, then f/g is continuous at x.

Proof.  The results follow immediately from the limit definition of continuity and the usual algebraic
properties of limits. u

Corollary 5.41: FEvery polynomial is continuous on R.

Proof. The functions f(x) = 1 and g(z) = x are continuous on R. The corollary follows from Theorem 5.40.
|

Corollary 5.42: FEwvery rational function is continuous at each point in its domain (i.e., at each x € R at
which the denominator does not vanish).

One of our most important properties allows us to compose two continuous functions. Be careful,
though, with the conditions on the domains as they cannot be overlooked.

Theorem 5.43: Let f: A — R, g: B — R and suppose that f(A) C B. Suppose that f is continuous at a
point xg € A and that g is continuous at the point yo = f(xg) € B. Then the composition function

gof:A—R
1S continuous at xg.

Proof. This follows from Theorem 5.25. [ |

A global version follows as a corollary.
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Corollary 5.44: Let f: A — R, g: B — R and suppose that f(A) C B. If f is continuous on A and g is
continuous on B, then the composition function

gof:A—R

18 continuous on A.

Exercises

5.5.1 If f and g are functions such that f + g is continuous, does it follow that at least one of f or g must be
continuous?

5.5.2 If | f| is continuous, does it follow that f is continuous?
5.5.3 If e/(*) is continuous, does it follow that f is continuous?

5.5.4 If f(f(z)) is continuous, does it follow that f is continuous?

5.6 Uniform Continuity

Let us take a closer look at the meaning of continuity of a function f on an interval I. The definition
asserts that for each xg € I and for every € > 0, there exists 6 > 0 such that if z € I and |z — x¢| <, then

|f (@) = f(xo)| <e.

Now carefully consider the following statement:
For every e > 0, there exists 6 > 0 such that if z, xy € I and |x — x| < 0, then |f(x)— f(z0)| < e.

This may appear at first sight to be just a restatement of the meaning of continuity expressed in the
first paragraph. If you cannot detect the difference, then you are in good company: Cauchy did not see any
difference and used the property just quoted incorrectly to prove that a continuous function on an interval
[a, b] must be integrable.

We need to focus on the fact that the number § depends not only on f and on e, but also on xg; that
is, 0 = d(f, e, x0).
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Example 5.45: Consider the function f(z) = 1/z on the interval I = (0,1). We found in Exercise 5.4.10
that if we take ¢ = 1, we can choose

(5(f,1,]7()): 1+x07

but we cannot choose a larger value. Thus if zy — 0, then §(f,1,29) — 0. No number ¢ is sufficiently small
to “work” for all xg € I. |

It is often important to be able to select § independently of xg. When this is possible, we say that f is
uniformly continuous on I.

Definition 5.46: (Uniformly Continuous) Let f be defined on a set A C R. We say that f is uniformly
continuous (on A) if for every € > 0 there exists 6 > 0 such that if z,y € A and |z — y| < 0, then

|f(z) = fF(y)l <e.

As an illustration of the usefulness of uniform continuity, we note that if f is uniformly continuous on a
bounded interval I, then f is bounded on I.

Theorem 5.47: If a function f is uniformly continuous on a bounded interval I, then f is bounded on I.

Proof. Here we suppose that I is one of (a,b), [a,b], [a,b), or (a,b]. To check that f is bounded, choose §
so that |f(z) — f(y)| < 1 whenever z,y € I and |z —y| < 6. Thereis a finiteset a =zg < 1 < --- <z, = b
such that |z; — z;—1| < 6 for i = 1,...,n. Our definition of § implies that f is bounded on each of the
intervals [x;—1,2;] N I. Let

m; = inf{f(z) 1z <z <z, xe€l}

M; = sup{f(z) i1 <z <z, x €1},

m = min{my,...,my}

M = max{Mj,..., M,}.

<

Then, for every z € I, m < f(z) < M, so f is bounded on I. [ |
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Observe that if we tried to present a similar argument for the function f(z) = 1/ on the interval
I = (0,1), the continuity of f would allow us to conclude that every x € [ is in an interval on which f is
bounded, but we would be unable to obtain a finite number of such intervals that cover I.

In our illustration that uniform continuity on I implies boundedness, we did not specify whether [
contained one or more of its endpoints. Our next objective is to show that when I = [a,b] is a closed
interval, then every function f that is continuous on I is uniformly continuous on I. (Note also the more
general version given in Exercise 5.6.14.)

This result will be of importance in many places. In particular, the important result we will later
prove, that a continuous function f on [a, b] is integrable, depends on the uniform continuity of f. Cauchy
certainly recognized this fact but failed to distinguish between continuity and uniform continuity.

Theorem 5.48: Let f be continuous on [a,b]. Then f is uniformly continuous.

Proof. Our proof invokes a compactness argument. We recall from our investigations of compactness in
Section 4.5 that there are several equivalent formulations possible. We shall use the Bolzano-Weierstrass
property. (Exercise 5.6.2 asks for another proof of this same theorem using Cousin’s lemma. In
Exercise 5.6.13 you are asked to prove it using the Heine-Borel property.)

We use an indirect proof. If f is not uniformly continuous, then there are sequences {x,} and {y,} so
that =, — y, — 0 but

[f(@n) = fyn)l > ¢

for some positive c. (The verification of this step is left as Exercise 5.6.12.)

Now apply the Bolzano-Weierstrass property to obtain a convergent subsequence {z,, }. Write z as
the limit of this new sequence {z,, }. Observe that z,, — y,, — 0 since z, —y, — 0. Thus {z,, } and
the corresponding subsequence {yn, } of the sequence {y,} both converge to the same limit z, which
must be a point in the interval [a,b]. By the continuity of f, f(zn,) — f(z) and f(yn,) — f(z). Since
|f(zn) — f(yn)| > c for all n, this means from our study of sequence limits that

1f(2) = f(2)[ 2 ¢>0
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and this is impossible. This contradiction proves the theorem. [ |

Boundedness of Continuous Functions As an application of Theorem 5.48 we can now prove that any
continuous function on a closed bounded interval [a,b] is bounded. Indeed such a function must be
uniformly continuous there, and we have already seen in Theorem 5.47 that a uniformly continuous
function on a bounded interval is bounded. Thus we have the following useful theorem.

Theorem 5.49: Let f be continuous on [a,b]. Then f is bounded.

Exercises

5.6.1 Adjust the proof of Theorem 5.48 to show that if f is continuous on a compact set K, then f is uniformly
continuous on K.
SEE NoTE 118

5.6.2 Give another proof of Theorem 5.48 but this time using Cousin’s lemma.

SEe NotE 119

5.6.3 Because of Theorem 5.47 any function that is continuous on (0, 1) but unbounded cannot be uniformly
continuous there. Give an example of a continuous function on (0, 1) that is bounded, but not uniformly

continuous.
5.6.4 Let x1,29,...,x, be real numbers, each in the domain of some function f. Show that f is uniformly
continuous on the set X = {zy,29,...,z,}.

5.6.5 Let X = {z1,22,...,2,,...}. What property must X have so that every function continuous on X is
uniformly continuous on X7

SEE NoTE 120

5.6.6 Suppose f is uniformly continuous on each of the sets X, Xs, ..., X,, and let X = |J;_, X;. Show that f
need not be continuous on X. Show that, even if f is continuous on X, f need not be uniformly continuous
on X.
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5.6.7

5.6.8

5.6.9

5.6.10

5.6.11

5.6.12

5.6.13

5.6.14

Suppose f is uniformly continuous on each of the compact sets
X1, Xo,..., X,

Prove that f is uniformly continuous on the set X = J'_; X;. Show that this need not be the case if the sets
X, are not closed and need not be the case if the sets X are not bounded.
SEE NoTE 121

Let f be a uniformly continuous function on a set E. Show that if {z,} is a Cauchy sequence in E then
{f(z,)} is a Cauchy sequence in f(E). Show that this need not be true if f is continuous but not uniformly
continuous.

A function f: E — R is said to be Lipschitz if there is a positive number M so that |f(z) — f(y)| < M|z — y|
for all x, y € E. Show that such a function must be uniformly continuous on E. Is the converse true?

SEE NOTE 122

Explain how Exercise 5.6.4 can be deduced from Exercise 5.6.6 or from Exercise 5.6.7.
SEE NoTE 123

Give an example of a function f that is continuous on R and a sequence of compact intervals X, Xo, ..., X,
...on each of which f is uniformly continuous, but for which f is not uniformly continuous on X = [J;2, X;.

SEE NoTE 124

Show that if f is not uniformly continuous on an interval [a, b] then there are sequences {z,} and {y,} chosen
from that interval so that x,, — y, — 0 but |f(z,) — f(yn)| > ¢ for some positive c.

SEE NoTE 125

U Prove Theorem 5.48 using the Heine-Borel property.

SEE NOoTE 126

Prove the following more general and complete version of Theorem 5.48.

Suppose that f: F — R is continuous. If E is compact, then f must be uniformly continuous on
E. Conversely, if every continuous function f : F — R is uniformly continuous, then £ must be
compact.
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5.6.15 Prove Theorem 5.49 without using the fact that such a function is uniformly continuous. Use Cousin’s lemma.

SEE NoTE 127

5.6.16 Prove Theorem 5.49 without using the fact that such a function is uniformly continuous. Use the
Bolzano-Weierstrass property.

SEE NoTE 128

5.6.17 " Prove Theorem 5.49 without using the fact that such a function is uniformly continuous. Use the
Heine-Borel property.

SEE NoTE 129

5.7 Extremal Properties

A familiar kind of problem that we study in elementary calculus involves locating extrema of continuous
functions defined on an interval [a, b]. The technique entails checking values of the function at points where
its derivative is zero, at the endpoints of the interval, and at any points of nondifferentiability. For such a
process to work, we must be sure the function has a maximum (or minimum) on the interval. We verify
this now.

Theorem 5.50: Let f be continuous on [a,b]. Then f possesses both an absolute mazimum and an absolute
MANIMUM.

Proof. Let M = sup{f(x):a <z <b}. By Theorem 5.48, f is uniformly continuous on [a,b]. Thus, by
Theorem 5.49, M < oo. If there exists xg such that f(xg) = M, then f achieves a maximum value M.
Suppose, then, that f(x) < M for all = € [a,b]. We show this is impossible.

Let g(x) =1/(M — f(z)). For each x € [a,b], f(x) # M; as a consequence, ¢ is continuous and g(z) > 0
for all € [a,b]. From the definition of M we see that

inf{M — f(z) : z € [a,b]} =0,
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SO

sup{]wlf(x):xe [a,b]} .

This means that ¢ is not bounded on [a,b]. This is impossible because, as we saw in Section 5.6, a

continuous function defined on a closed interval must be bounded. A similar proof would show that f has
an absolute minimum on A. ]

Example 5.51: Does this theorem extend to more general situations? If we replace the interval [a, b] by
some other set does the conclusion remain true? The example

1
f(z) = . for x € (0,1)
shows that the closed interval cannot be replaced by an open one. On the other hand, the example
f(z) ==z for z € [0, 00)

shows that the bounded closed interval [a, b] cannot be replaced by an unbounded closed one. <

From this example the suggestion that we need a closed and bounded set (i.e., a compact set) seems to
offer itself. Indeed that is the correct generalization of Theorem 5.50.

Theorem 5.52: Let f be continuous on a closed and bounded set A. Then f possesses an absolute mazximum
and an absolute minimum on A.

Exercises

5.7.1 Give an example of an everywhere discontinuous function that possesses a unique point at which there is an
absolute maximum and a unique point at which there is an absolute minimum.

5.7.2 Show that a continuous function maps compact sets to compact sets.

SEE NoTE 130
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5.7.3 Prove Theorem 5.50 using a Bolzano-Weierstrass argument.

SEE NoTE 131

5.7.4 Give an example of a function defined only on the rationals and continuous at each point in its domain and
yet does not have an absolute maximum.

5.7.5 Let f: R — R be a continuous function with the property that
lim f(z) = lim f(z)=0.
r—00 r——00
Show that f has either an absolute maximum or an absolute minimum but not necessarily both.

SEE NOoTE 132

5.7.6 Let f: R — R be a continuous function that is periodic in the sense that for some number p, f(z + p) = f(z)
for all x € R. Show that f has an absolute maximum and an absolute minimum.

5.8 Darboux Property

We have already observed that the IVP (Darboux property) is not the same as continuity. It is true,
however, that if f is continuous on [a,b], then f has the Darboux property. We state Theorem 5.53 in a
form that suggests use of Cousin’s lemma. (Readers that prefer to use the Bolzano-Weierstrass theorem
should see the hint for Exercise 5.8.3.) Expressed this way the theorem asserts that if the graph has no
point on some horizontal line y = ¢, then the graph must be entirely above or below that line. Another way
to say this (see Exercise 5.8.8) is that the function must assume every value between any two of its values.

Theorem 5.53: Let f be continuous on [a,b] and let ¢ € R. If for every x € [a,b], f(x) # c, then either
f(z) > ¢ for all x € [a,b] or f(x) < ¢ for all x € [a, ).

Proof.  Again, as in the proof of Theorem 5.48, we will use a compactness argument. We shall use
Cousin’s lemma (Lemma 4.26). In the exercises you are asked to prove this same theorem using the
Bolzano-Weierstrass property and the Heine-Borel property.
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Let C denote the collection of closed intervals J such that f(z) < ¢ for all x € J or f(x) > ¢ for all
xz € J. We verify that C forms a Cousin cover of [a, b].

If z € [a,b], then | f(z) —¢| = € > 0, so there exists 6 > 0 such that |f(t) — f(z)| < € whenever |t —z| < ¢
and t € [a,b]. Thus, if f(x) < ¢, then f(t) < cfor all t € [z —§/2,x + /2], while if f(z) > ¢, then f(t) > ¢
forallt € [x—4d/2,2+46/2]. By Cousin’s lemma there exists a partition of [a,b], a = zg < 1 < -+ <z, = b
such that for i =1,...,n, [z;_1,2;] € C.

Suppose now that f(a) < c¢. The argument is similar if f(a) > c. Since [a,x1] = [z0,21] € C, f(x) < ¢
for all x € [z, z1]. Analogously, since [z1,22] € C, and f(x1) < ¢, f(z) < ¢ for x € [x1, z2]. Proceeding in
this way, we see that f(z) < c¢ for all z € [a, ]]. [ |

You may wish to look at Exercise 5.8.8 for other wordings of this theorem that suggest IVP as
“connectedness.”

Exercises
5.8.1 Show that a nondecreasing function with the Darboux property must be continuous.

5.8.2 Show that a continuous function maps compact intervals to compact intervals.

SEE NoTE 133

5.8.3 Prove Theorem 5.53 using the Bolzano-Weierstrass property of sequences rather than Cousin’s lemma.

SEE NOoTE 134

5.8.4 U Prove Theorem 5.53 using the Heine-Borel property.

SEE NoTE 135

5.8.5 Prove Theorem 5.53 using the following “last point” argument: suppose that f(a) < ¢ < f(b) and let z be
the last point in [a,b] where f(z) < ¢, that is, let

z =sup{z € [a,b] : f(z) < c}.
Show that f(z) = c.

SEE NOoTE 136
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5.8.6

5.8.7

5.8.8

5.8.9

5.8.10

A function f : [a,b] — [a,b] is said to have a fized point ¢ € [a,b] if f(c) = ¢. Show that every continuous
function f mapping [a, b] into itself has at least one fixed point.

SEE NoTE 137
Let f : [a,b] — [a,b] be continuous. Define a sequence recursively by z1 = 1, 2, = f(z,—1) where x;1 € [a, b].
Show that if the sequence {z,} is convergent, then it must converge to a fixed point of f.

Show that Theorem 5.53 can be reworded in the following ways:

(a) Let f be defined and continuous on an interval I, let a,b € I with f(a) # f(b). Let d lie between f(a)
and f(b). Then there exists ¢ between a and b such that f(c) = d.
(b) A continuous function defined on an interval I maps subintervals of I onto either single points or else
subintervals of R. [Singleton points are often considered to be (degenerate) intervals.]
SEE NOoTE 138
A continuous function maps compact intervals to compact intervals. Is it true that continuous functions map

closed sets to closed sets? Is it true that continuous functions map open sets to open sets?

State forms of Theorem 5.53 and its rewordings in Exercise 5.8.8 for continuous functions defined on intervals
that need not be closed and/or bounded.

5.9 Points of Discontinuity

In our discussion of continuous functions we have mentioned discontinuities only as a contrast to the notion
of continuity. In many applications of mathematics the functions that arise will have discontinuities and it
is well to study such functions. We first ask for a language of discontinuity points. Then we investigate an
important class of functions, the monotonic functions, and determine just how badly discontinuous they
could be.
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5.9.1 Types of Discontinuity

Let xg be a point of the domain of some function f. If 2 is a point of discontinuity, then this means that
either the limit lim, ., f(x) fails to exist or else that limit does exist but

f(zo) # lim f(z).

Note that when we discuss discontinuity points we are discussing only points at which the function is
defined. (Some calculus texts might call zy a point of discontinuity even if f(xg) fails to be defined. This
is not our usage here.)

Note, too, that a discontinuity point cannot occur at an isolated point of the domain of the function.

Removable Discontinuities We can separate these cases into situations of increasing severity. The weakest
possibility is that limg ., f(z) does indeed exist but fails to equal f(zp). We call this a removable
discontinuity of f. The word “removable” suggests that were we merely to assign a new value to f(zg) we
would no longer have a discontinuity.

Jump Discontinuities A little more serious case of discontinuity occurs if the limit

lim f(z)

T—T0

does not exist, but it fails to exist only because

lim+ f(x) and xll}gn_ f(x),

T—To

the two one-sided limits, exist but disagree. In that case, no matter what value f(xo) assumes, this is a
point of discontinuity.
We call this a jump discontinuity of f. The difference between the two limits

lim f(z)~ lm_f(z)

T—To+

is a measure of the “size” of the discontinuity and is called the jump.
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Essential Discontinuities Finally, the most intractable kind of discontinuity would be the situation in which
lim, 5, f(z) does not exist, and at least one of the two right-hand and left-hand limits (perhaps both)
lim f(z)and lim f(z)
r—xo+ T—To—
also does not exist. Again, no matter what value f(zo) assumes, this is a point of discontinuity. We call
this an essential discontinuity of f.

Example 5.54: Let f(z) =0 for all z # 0 and let f(0) = 2. It is clear that 0 is a removable discontinuity
of f. Perhaps this example seems entirely artificial. A more natural example would be the function given
by the following formula:

x 1
f(z) = o (z#x1), f(1)=ca, f(-1) =c.
This function is clearly continuous at every point other than x = +1 but may have two discontinuities, one
at —1 and one at 1. One of these is not, however, a serious discontinuity since it is removable. You should

try to determine which one is removable and which one is essential. |

Example 5.55: Let f(x) be defined as the linear function x + 1 for 2 < 0 and a different linear function
2z — 1 for x > 0. Then there is a discontinuity at 0 since

li = lim 2z —1) = —1
but
lim f(z)= lim (x+1)=1.
z—0— z—0—
In this case the size of the jump is —2. A picture would show exactly what this jump represents. <
Exercises

5.9.1 Show that a function that has the Darboux property cannot have either removable or jump discontinuities.

5.9.2 What kind of discontinuities does the Dirichlet function (see Section 5.2.6) have?
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5.9.3 What kind of discontinuities does the characteristic function of the Cantor set (see Section 5.2.6) have?

5.9.4 Let the function f : R — R have just one point of discontinuity and assume only rational values. What kind
of discontinuity point must that be?
5.9.5 Classify the discontinuities of the rational function
z+1
flz) = 21 (z#=£1), f(D=ca, f(-l)=c.
5.9.6 Give an example of a function continuous at 0 but with an essential discontinuity at each other point.
5.9.7 Give an example of a function f with a jump discontinuity and yet (f)? is continuous everywhere.

5.9.8 Give an example of a function f with an essential discontinuity everywhere and yet (f)? is continuous
everywhere.

5.9.9 Define a function F' by the formula

n

F(z) = lim T
n—oo "

What is the domain of this function? Classify all discontinuities.

5.9.2 Monotonic Functions

In general, there is not too much to say about the continuity of an arbitrary function. It is possible for a
function to be discontinuous everywhere. But if the function is monotonic this is not possible. We start
with some definitions, needed here and again later in many places.

Definition 5.56: (Nondecreasing) Let f be real valued on an interval I. If f(z1) < f(z2) whenever z;
and xo are points in I with z1 < z9, we say f is nondecreasing on 1.

Definition 5.57: (Increasing) Let f be real valued on an interval I. If the strict inequality f(z1) < f(z2)
holds whenever x; and z9 are points in I with x1 < z9, we say f is increasing on I.
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In the opposite direction we define nonincreasing and decreasing.’

Definition 5.58: (Nonincreasing) Let f be real valued on an interval I. If f(x1) > f(z2) whenever z;
and xo are points in [ with 1 < xo, we say f is nonincreasing on I.

Definition 5.59: (Decreasing) Let f be real valued on an interval I. If the strict inequality f(z1) > f(z2)
holds whenever x; and x9 are points in [ with x1 < x9, we say f is decreasing on 1.

A function that is either nonincreasing or nondecreasing is said to be monotonic. Sometimes, to
emphasize that there is a strict inequality, we say that a function that is increasing or decreasing is strictly
monotonic.

The class of monotonic functions has a particularly interesting structure as regards continuity. Such
functions can never have essential discontinuities. This is because if f is monotonic nondecreasing or
monotonic nonincreasing, then at any point both one-sided limits lim,_,,+ f(z) and lim;_,,— f(x) exist.

Theorem 5.60: Let f be monotonic on an interval 1. If xq is interior to I, then the one-sided limits
limg_z— f(z) and limg_.zo+ f(z) both exist.

Proof. Suppose f is nondecreasing on I; the proof for the case that f is nonincreasing will then follow
by noting that in this case —f is nondecreasing. To prove Theorem 5.60 let xy be interior to I and let
{z} be an increasing sequence of points in I such that limy_,, zx = z9. Then the sequence {f(xg)} is
a nondecreasing sequence of numbers bounded from above by f(xg). Thus by the monotone convergence
principle {f(zx)} approaches a limit L.

For x1. < x < xo,

flzr) < f(z) < L.
Let e > 0. Since f(xy) — L, there exists N € IN such that

L—f(xk) <¢g

!Some authors prefer the terms “increasing” and “strictly increasing” for what we would call nondecreasing and increasing.
See the comments on page 435.
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whenever k > N. For all z satisfying xny < z < 2y we thus have
L—f(x) <L- f(zn)<e.
It follows that

lim f(zx)=1L,
T—x0—
so f has a left-sided limit at zg. A similar argument shows that f also has a right-sided limit at x. [ |

Monotonic Functions Have Jump Discontinuities Recall that a function f is said to have a jump at zq if f
has limits from the left and from the right at xy, but these limits are different. Thus, if f is monotonic
nondecreasing, say, then clearly

lim f(z) < f(xg) < lim+ f(x).
r—r0— T—xQ
Thus the only possibility of a discontinuity at the point zq is if the jump
J(xzo) = lim f(z)— lim f(x)
T—T0+ T—TQ—

is positive. Thus monotonic functions do not have removable discontinuities nor do they have essential
discontinuities. They have only jump discontinuities.

Monotonic Functions Have Countably Many Discontinuities We can go further than this. We can ask about
the set of points at which there can be a discontinuity point. We ask how large this set can be. The answer
is “not very.”

Theorem 5.61: Let f be monotonic on an interval [a,b]. Then the set of points of discontinuity of f in
that interval is countable. In particular, f must be continuous at the points of a set dense in [a,b].

Proof. We consider again the case that f is nondecreasing since the case that f is nonincreasing follows
by considering the function —f. If f is nondecreasing and discontinuous at a point z¢ in (a,b), then the
open interval

oo = (lim_f(a), lim, ()

T—To— r—x0+
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either contains no points in the range of f or contains only the single point f(x) in the range. (To check
this statement, see Exercise 5.9.12.) Thus, each point of discontinuity xg of f in I corresponds to an

interval I(zg). For two different points of discontinuity x; and z2, the intervals I(x1) and I(z2) are disjoint
(because f is nondecreasing). But any collection of disjoint intervals in R can be arranged into a sequence
(Exercise 4.6.10) and so there can be only countably many points of discontinuity of f . [ |

It is easy to construct monotonic functions with infinitely many points of discontinuity. For example, if
f(z) =n on [n,n+ 1), then f has jumps at all the integers.

It is natural to ask which countable sets can be the set of discontinuities for some monotonic f. For
example, does there exist an increasing function that is discontinuous at every rational number in R?
(Exercise 5.9.14 provides an answer.)

Example 5.62: Our theorem shows that a monotonic function has a countable set of points at most
where it can be discontinuous. It is easy to find examples of monotonic functions with a prescribed set
of discontinuities if the set given to us is finite. Could any countable set be given and we then find a
monotonic function that has exactly that set as its points of discontinuity?

The answer, remarkably, is yes. Let C be a countable subset of (a,b). List the elements as c1, ca, c3,
.... Define the function for a <z < b as .

flx) = o
cn<T

This function is hard to visualize since it depends on the order of the terms. Clearly, f(a) = 0 and f(b) = 1.
The other values are much less clear. But we can see that there is a jump of magnitude 1/2 at the point
1, a jump of magnitude 1/4 at the point c2, a jump of magnitude 1/8 at the point c3, and so on. The
function is strictly increasing on any subinterval in which C' is dense and would be constant in any interval
that contains no points of C. It can be shown that the only discontinuities occur at the points of C. <

Exercises

5.9.10 Construct a function with a jump discontinuity of magnitude —5 at the point x = 1 and continuous
everywhere else.
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5.9.11
5.9.12

5.9.13

5.9.14

5.9.15

5.9.16

5.9.17

5.9.18

5.9.19

5.9.20

Find a monotonic function on [0, 1] with discontinuities at 1/3, 2/3, and 3/4 only.

Suppose [ is increasing on an interval I. Let xy be an interior point of I. Prove that lim, ., f(z) <
f(@o) < limg—zo4 f(2).

Verify the claims made in Example 5.62 about the function f there.

SEE NoTE 139
Using Example 5.62, show that there is a (strictly) increasing function on [0, 1] that is discontinuous at each
rational number in (0, 1) and continuous at each irrational number.

Show that there is no monotonic function on [0, 1] that is discontinuous precisely at each irrational number
in (0,1).

SEE NoTE 140

Show that if f : [a,b] — R is continuous and increasing, then the inverse function f~! exists and is also
continuous and increasing on the interval on which it is defined.

SEE NoTE 141

Let f be a continuous function on an open interval (a,b). Suppose that f has no local maximum or local
minimum at any point. Show that f must be monotonic.

Suppose that f: R — R and that f(z)+ az is monotonic for every o € R. Show that f(z) = ax + b for some
a, b.

Let {f,} be a sequence of monotonic functions defined on the interval [0, 1]. Suppose that
f@) = Tim_fu(@)

exists for each 0 < z < 1. Show that f is monotonic. (If the word “monotonic” is replaced throughout this
problem by “continuous,” the exercise would be invalid: show this, too.)

Can the range of an increasing function on the interval [0, 1] consist only of rational numbers? Can it consist
only of irrational numbers?
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5.9.3 How Many Points of Discontinuity?
0 Advanced section. May be omitted.

We have already answered the question as to how many points of discontinuity a monotonic function
may have. The set of such points must be countable. We know too that all of these are jump discontinuities;
a monotonic function has no removable discontinuities and no essential discontinuities.

What is the situation for an arbitrary function? There are three questions. How many removable dis-
continuities are possible? How many jump discontinuities are possible? How many essential discontinuities
are possible?

Example 5.63: One example that we have seen before shows that there can be a great many essential
discontinuities. Let f be the characteristic function of the rational numbers; that is, f(z) is 1 if z is a
rational number and is 0 if « is irrational. Clearly,
limsup f(z) =1
T—x0
and
liminf f(z) =0

T—x0

at every point zg. In particular, the limit does not exist anywhere and so every point is an essential
discontinuity. |

Surprisingly, though, this is not the case for the removable discontinuities or the jump discontinuities.
No function can have an uncountable number of such discontinuities.

Theorem 5.64: Let f be a real function defined on an interval [a,b]. The sets of points in [a,b] at which
f has a removable discontinuity and at which f has a jump discontinuity are both countable.

Proof. Let J be the set of points at which there is a jump discontinuity. Every point of J is in one of the
two sets:

Ji+ ={z € (a,b): ylil}ClJr fly) > yligl, fw)}
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or
J_={zx€(a,b): lim f(y) < lim f(y)}.
y—T+ y—a—

We shall show that J is countable.
If z € J4, then

lim f(y) > lim f(y)
y—z+ y—

and so there is for any such x at least one rational number r so that
lim f(y) >r> lim f(y).
y—r+ Yy—xr—
Moreover, there then must exist some integer m (depending on x and r) so that

f(z) > > f(y)

whenever z —1/m <y <z <z<z+1/m.
Let J.,, where r is a rational and n a positive integer, denote the set of all points x with the property
that f(y) <r < f(z) whenever
r—1l/n<y<z<z<z+1/n

We claim that this set is countable. If not, then it must have a point of accumulation and, in particular,
there would have to be at least three points a < b < ¢, with ¢ — a < 1/n, all belonging to J,,. But by the
way that J,., was defined this means, since a and ¢ € J,.,, that f(b) < r and r < f(b) are both true. Since
this is impossible, all points in J,.,, are isolated and hence J,,, is countable. The union

U U

reQn=1

is a countable union of countable sets and is thus also countable. But this set contains every point of J;
and so that set is also countable. Similarly, it is true that J_ is countable and hence the set of points with
jump discontinuities is countable.
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That the set of points at which the function has a removable discontinuity is also countable is left as an
exercise. The ideas of the proof here can be used to prove it in a similar fashion. Notice especially this
technique of inserting a rational number between two unequal numbers. [ |

Incidentally, this theorem throws a new light on the theorem about the discontinuity points of
monotonic functions. In that proof we used the properties of monotonic functions to show that the
collection of discontinuity points was countable. But we know easily that the only such points are the
jump discontinuities and any function, monotonic or not, has only countably many of these points by our
theorem here. Thus we have another way of looking at Theorem 5.61.

Exercises
5.9.21 Give an example of a function with a dense set of removable discontinuities.
5.9.22 Give an example of a function with a dense set of jump discontinuities.

5.9.23 Prove the remaining statement of Theorem 5.64 that is not proved in the text.

5.10 Challenging Problems for Chapter 5

5.10.1 Suppose that f is a function defined on the real line with the property that f(z +y) = f(z) + f(y) for all
x, y. Suppose that f is continuous at 0. Show that f must be continuous everywhere.
SEE NoTE 142

5.10.2 Suppose that f is a function defined on the real line with the property that f(z +y) = f(z) + f(y) for all
x, y. Suppose that f is continuous at 0. Show that f(z) = Cx for all 2 and some number C.

SEE NoTE 143

5.10.3 Suppose that f is a function defined on the real line with the property that f(xz + y) = f(z)f(y) for all z,
y. Suppose that f is continuous at 0. Show that f must be continuous everywhere.
SEE NoTE 144

5.10.4 Generalize Theorem 5.61 to prove that if a function f (not necessarily monotonic) has left-sided limits and
right-sided limits at every point of an open interval I, then f must be continuous except on a countable set.
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5.10.5 Determine necessary and sufficient conditions on a pair of sets A and B so that they will have the property
that there exists a continuous function f : R — R such that f(z) = 0 for all z € A and f(x) = 1 for all
z € B.

SEE NOoTE 145
5.10.6 Let f:[1,00) be continuous, positive and increasing with f(z) — oo as & — co. Show that
o0
1

2 7(h)

is convergent if and only if the series

— /' (k)

>

k=1
converges (where f~! denotes the inverse function).

5.10.7 (Extensions of continuous functions) If f: A >R, g: B — R, AC B, and f(x) = g(x) for all x € A,
then the function ¢ is said to be an extension of the function f. Prove each of the following:
(a) A function that is continuous on a closed set A can be extended to a function that is continuous on R.

(b) A function that is uniformly continuous on a set A can be extended to a function that is uniformly
continuous on A.

(¢) A function that is uniformly continuous on an arbitrary nonempty subset of R can be extended to a
function that is uniformly continuous on all of R.

(d) Give an example of a function f that is continuous on (0,1) but that cannot be extended to a function
continuous on [0,1].
5.10.8 U For an arbitrary function f : R — R show that

{zo : limsup f(z) > limsup f(x)}

T—To— T—To+

is countable.
5.10.9 " Give an example of a function f : R — R such that there are infinitely many points 2o at which either
f(zo) > limsup f(x) or f(xg) < liminf f(z).
T—x0

T—x0
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5.10.10

5.10.11

5.10.12

5.10.13

5.10.14

Notes

Y For an arbitrary function f : R — R show that the set of points zo at which f(xg) does not lie between

liminf f(2) and limsup f(x)

= T—xo
is countable.

Y Let y be a real number or 0o and let f : E — R be a function. If there is a sequence {z,,} of numbers
in E and converging to a point ¢ with z,, # ¢ and with f(x,) — y then y is called a cluster value of f at
c. Show that every cluster value at ¢ lies between liminf, .. f(z) and limsup,_,, f(z). Show that both
liminf, .. f(z) and limsup,_,. f(z) are themselves cluster values of f at c.

Is there a continuous function f : R — R such that for every real y there are precisely two solutions to the
equation f(z) = y?
Is there a continuous function f : R — R such that for every real y there are precisely three solutions to the
equation f(z) = y?
Prove that if f:R—R, then the set

{z : f is right continuous at  but not left continuous at =}

is countable.
SEE NOTE 146

89Exercise 5.1.1. Model your answer after Example 5.2.

9Exercise 5.1.2. Consider the cases a = 0 and a # 0 separately. If it is easier for you, break into the three cases
a>0,a<0,and a=0.

91 Exercise 5.1.3. Model your answer after Example 5.3.
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92Exercise 5.1.4. Consider the cases o = 0 and zg # 0 separately. Use the factoring trick in Example 5.3 and the
device of restricting x to be close to xp by assuming that |x — 2| < 1 at least.

93Exercise 5.1.8. Don’t forget to exclude o < 0 from your answer since it is not a point of accumulation of the
domain of this function. Consider the cases g = 0 and zy > 0 separately.

9Exercise 5.1.12. If B C A, then the existence of lim,_,, g(z) can be deduced from the existence of lim,_,, f(z).
Can you find other conditions? If xg is a point of accumulation of A N B, then the equality of the two limits can be
deduced, assuming that both exist.

9 Exercise 5.1.16. Either find a single sequence
T, — 0
with x, # 0 so that the limit
lim |x,|/z,
n—oo
does not exist or else find two such sequences with different limits.

96 Exercise 5.1.22. You could assume (i) that L > 0 or (ii) that f(x) > 0 for all x in its domain. Then convert to a
statement about sequences.

97 Exercise 5.1.28. At xg # 0 the two one-sided limits are equal. What are they? At o = 0 they differ.

9% Exercise 5.1.29. On one side the limit is zero and on the other the limit fails to exist. (Look ahead to Exercise 5.1.38,
where you are asked to show that the limit is oo which means that the limit does not exist.) You may use the elementary
inequality

0<z<e?

(which is valid for all z > 0) in your argument. Consider the sequences 1/n — 0 and —1/n — 0.
99Exercise 5.1.30. Check the definition: There would be no distinction. The limit

lim /=,

z—0—

however, would be meaningless since 0 is not a point of accumulation of the domain of the square root function on
the left.
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100Fxercise 5.1.34. Use the definitions in this section as a model. You will need a replacement for the “z is a point
of accumulation” of the domain condition. If you cannot think of anything better, then simply use the assumption
that f is defined in some interval (a, c0).

0l Exercise 5.1.38. On one side at 0 the limit is zero and on the other the limit is co. See Exercise 5.1.29.
102Exercise 5.2.1. Model your proof after Theorem 2.8 for sequences.

103Exercise 5.2.3. If the theorem were false, then in every interval (xg — 1/n, 20+ 1/n) there would be a point z,, for
which |f(z,)| > n.

04Exercise 5.2.9. If 2y is not a point of accumulation of
dom(f) N dom(g),

then the statement
lim f(z)+g(z)=1L
r—x0
does not have any meaning even though the two statements about
lim f(z) and lim g(z)

T—xT0 T—x0
may have.

105Fxercise 5.2.11. What exactly is the domain of the function f(x)/g(z)? Show that zy would be a point of
accumulation of that domain provided that g(z) — C as © — ¢ and C # 0.

06Exercise 5.2.28. It is enough to assume that lim, ., f(z) exists and to apply Theorem 5.25 with F(z) = |z|. Be
sure to explain why this function F' has the properties expressed in that theorem.

WO7Exercise 5.2.29. It is enough to assume that lim, .., f(z) exists and is positive and then apply Theorem 5.25 with
F(z) = \/z. Alternatively, assume that f(z) > 0 for all z in a neighborhood of xy. Again be sure to explain why this
function F' has the properties expressed in that theorem.

108 Fxercise 5.2.32. Use the property of exponentials that et = e%e® and the product rule for limits.



NOTES 345

109Exercise 5.2.33. Use a trigonometric identity for sin(x — xg + 7o) and the sum and products rule for limits.
U0Exercise 5.2.34. Take the function H(z) of the text and consider instead H(z) + .

Ul Exercise 5.2.36. This would be trivial if the sets A; were disjoint. So it is the case where these are not disjoint
that you need to address.

U2 xercise 5.2.44. If zg is not in the Cantor set K, then it is in some open interval complementary to that set.
Use that to prove the existence of the limit. If x( is in the Cantor set, then there must be sequences x, — xo and
Yn — xg with z, € K and y,, € K. Use that to prove the nonexistence of the limit.

3Exercise 5.3.5. Consider separately the cases g € E and zo € E. Under what circumstances in the latter case
would the lim sup be larger according to this revised definition?

H4Exercise 5.4.15. One of the definitions treats isolated points in a special way. Note that each point in the domain
of f is isolated.

HSExercise 5.4.17. You must arrange for f(0) to be the limit of the sequence of values f(27"). No other condition
is necessary.

H6Exercise 5.4.19. At an isolated point zo of the domain the limit lim,_.,, f(x) has no meaning. But if x( is not an
isolated point in the domain of f it must be a point of accumulation and then lim,_,,, f(x) is defined and it must be
equal to f(zg).

H7Exercise 5.4.20. For the converse consider the function f(x) = v/z on [0, 1].

H8Exercise 5.6.1. Let a = inf K and b = sup K and apply Cousin’s lemma to the interval [a, b] by taking the same
collection nearly, namely C consist of all closed subintervals [t, s] such that

1f(t) — f(s) <e/2
for all ¢/, s’ € K N[t,s]. You will have to find a different choice of § to make your argument work.

H9Fxercise 5.6.2. As usual in applications of Cousin’s lemma, we should define first our collection of closed
subintervals so as to have a desired property that can be extended to the whole interval [a, b]. Let € > 0. Let C consist



346

NOTES

of all closed subintervals [t, s] such that
If@) = f(s") <e/2
for all ¢/, s’ € [t,s]. We check that C satisfies the hypotheses of Lemma 4.26.

For each z € [a,b] there exists 6(z) > 0 such that if
t€la,b)N(x—4d(x),z+d(x)),

then
|f(t) — f(@)] <e/4

It follows that if ¢’ and s’ are in the set

then

Consequently, every interval [t, s] inside
[a7 b] N ("T - 5(%)71' + (5(‘%))

belongs to C.
Thus Lemma 4.26 may be applied and there exists a partition

a=x9<x1<--<T,=">b

such that if, for some i =1,... n,
Ti—1 S X,y < @y,
then
|f(z) — f(y)] <e/2.
Let

0= min |z; —x;—1].
1=1,...,n
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If x <y and |z — y| < 0, then either there exists ¢ for which
i1 ST,y < T,
in which case

|f(z) — fy) <e/2,
or there exists 7 such that
Ti1 <z <z <y < Tig1,
in which case

|f(y) = f@)] < [f(y) = flzi)

+f(2) — f@) < =+ 2

Since this argument applies to any positive &, we have proved that f is uniformly continuous on [a, b].

=E.

120Exercise 5.6.5. If X is compact (closed and bounded) then this property should hold. If the set X has a point
of accumulation that does not belong to X, then it is possible to give an example of a continuous function defined on
X that is not uniformly continuous on X. Finally consider the situation in which the set is closed but not bounded:
are there points x; and x; arbitrarily close together?

121 Exercise 5.6.7. You need consider only two compact sets X, Xy. Since they are compact, there is a positive
distance between them that you can use to help define your d. For not closed consider X; = (0,1) and X5 = (1,2)
and define f appropriately. For not bounded use

X, =1{1,2,3,...}

and
Xo={1,2+1/2,3+1/3,4+1/4,...

and define f appropriately.

122Fxercise 5.6.9. For the converse consider the function f(x) = /& on [0,1]. By Theorem 5.48 we know that this
function is uniformly continuous on [0, 1].
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123Exercise 5.6.10. Show that any function defined on a set X containing just one element is uniformly continuous.
Then consider the sequence X; = {z;},7=1,2,...,n.

124Exercise 5.6.11. For the sequence of intervals you might choose [1,2], [2,3], [3,4], .... (Why would you not be
able to choose [1/2,1], [1/4,1/2], [1/8,1/4], ...?7)

125Fxercise 5.6.12. This can be obtained merely by negating the formal statement that f is uniformly continuous
on [a,b].

126 Fxercise 5.6.13. Using the local continuity property, claim that there are open intervals I, containing any point

x so that
1f(y) = f(@)| <e

for any y € I,. Now apply the Heine-Borel property to this open cover. Obtain uniform continuity from the finite
subcover.

127Exercise 5.6.15. Let C be the collection of all closed intervals I C [a,b] so that f is bounded on I. Use Cousin’s
lemma to find a partition of [a,b] using intervals in C.

128Fxercise 5.6.16. Use an indirect proof. Show that if f is not bounded then there is a sequence {z,,} of points in
[a,b] so that
|f(zn)] > n

for all n. Now apply the Bolzano-Weierstrass property to obtain subsequences and get a contradiction.
129 xercise 5.6.17. Using the local continuity property, claim that there are open intervals I, containing any point

z so that
|f(y) — f(z)] <1

for any y € I,. Now apply the Heine-Borel property to this open cover. Obtain boundedness of f from the finite
subcover.

130Fxercise 5.7.2. That is, prove that the image set

fIK) ={f(z) :z € K}
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is compact if K is compact and f is a continuous function defined at every point of K. Give a direct proof that uses
the fact that a set is compact if and only if every sequence in the set has a subsequence convergent to a point in the
set. Start with a sequence of points {y,} in f(K), explain why there must be a sequence {z,} in K with f(x,) =y,
etc.

BlExercise 5.7.3. Let
M =sup{f(x):a <z <b}.

Explain why you can choose a sequence of points {z,} from [a, b] so that
fzp) > M —1/n.
Now apply the Bolzano-Weierstrass theorem and use the continuity of f.

132Fxercise 5.7.5. If f(zg) = ¢ > 0, then there is an interval [-N, N] so that zg € [-N, N] and |f(z)| < ¢/2 for all
x> N and 2 < —N.

133Exercise 5.8.2. That is, prove that the image set f([c,d]) is a compact interval for any interval [c,d] if f is a
continuous function defined at every point of [¢,d]. Apply Theorem 5.52 and Theorem 5.53.

I34Exercise 5.8.3. Suppose that the theorem is false and explain, then, why there should exist sequences {z,} and
{yn} from [a,b] so that f(x,) > ¢, f(yn) < c and |z, —y,| < 1/n.

135Exercise 5.8.4. Suppose that the theorem is false and explain, then, why there should exist at each point x € [a, ]
an open interval I, centered at x so that either f(¢) > ¢ for all t € I, N [a,b] or else f(t) < ¢ for all t € I, N [a, b].

136Exercise 5.8.5.  You may take ¢ = 0. Show that if f(z) > 0, then there is an interval [z — d, z] on which f is
positive. Show that if f(z) < 0, then there is an interval [z, z + §] on which f is negative. Explain why each of these
two cases is impossible.

137Exercise 5.8.6. The function must be onto. Hence there is a point x; with f(z;) = a and a point x5 with
f(z2) = b. Now convince yourself that there is a point on the graph of the function that is also on the line y = x.

138Exercise 5.8.8. Condition (a) is the intermediate value property (IVP) according to Definition 5.27, while (b) can
be interpreted as saying that connectedness is preserved by continuous functions. This latter interpretation requires
a careful definition of connectedness in R.
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139Exercise 5.9.13. You wish to show that (i) f is discontinuous at every point in C, indeed has a jump discontinuity
at each such point; (ii) f is continuous at every point not in C; (iii) f is nondecreasing; (iv) f is increasing on any
interval in which C'is dense; and (v) f is constant on any interval containing no point of C'.

The most direct and easiest proof that f is continuous at every point not in C' would be to use “uniform conver-
gence” but that is in a later chapter. Here you will have to use an e-§ argument.

M0Exercise 5.9.15. How large can the set of discontinuity points be?

Ml Exercise 5.9.16. The function f~! is defined on the interval J = [f(a), f(b)]. Explain first why it exists (not
all functions must have an inverse). Prove that it is increasing. Prove that it is continuous (using the fact that it is
increasing).

M2Exercise 5.10.1. The equation f(x +y) = f(x) + f(y) is called a functional equation. You are told about this
function only that it satisfies such a relationship and has a nice property at one point. Now you must show that this
implies more. Show first that f(0) = 0 and that f(z —y) = f(x) — f(y).

3Exercise 5.10.2. This continues Exercise 5.10.1. Show first that f(r) = rf(1) for all » = m/n rational. Then
make use of the continuity of f that you had already established in the other exercise.

M4Exercise 5.10.3. Show that either f is always zero or else f(0) = 1. Establish

flx—y) = f(x)/f(y)

M5Fxercise 5.10.5. Consider the intersection o
AN B.
M6Evercise 5.10.14. You will need to use the fact that

{z :lim sup f(z)>lim sup f(x)}

is countable. See Exercise 5.10.8.





