








262 NOTES

subcover. The Heine-Borel theorem asserts that an open cover of any compact set of reals can be reduced to a finite
subcover.

84Exercise 4.5.20. For (b)⇒(d) and for (c)⇒(d). Suppose that there is an open cover of A but no finite subcover.
Step 1: You may assume that the open cover is just a sequence of open sets. (This is because of Exercise 4.5.18.)
Step 2: You may assume that the open cover is an increasing sequence of open sets G1 ⊂ G2 ⊂ G3 ⊂ . . . (just take
the union of the first terms in the sequence you were given). Step 3: Now choose points xi to be in Gi ∩A but not in
any previous Gj for j < i. Step 4: Now apply (b) [or (c)] to get a point z ∈ A that is an accumulation point of the
points xi. This would have to be a point in some set GN (since these cover A) but for n > N none of the points xn

can belong to GN .

85Exercise 4.6.5. This result may seem surprising at first since the Cantor set, at first sight, seems to contain only
the endpoints of the open intervals that are removed at each stage, and that set of endpoints would be countable.
(That view is mistaken; there are many more points.) Show that a point x in [0, 1] belongs to the Cantor set if and
only if it can be written as a ternary expansion x = 0.c1c2c3 . . . (base 3) in such a way that only 0’s and 2’s occur.
This is now a simple characterization of the Cantor set (in terms of string of 0’s and 2’s) and you should be able to
come up with some argument as to why it is now uncountable.

86Exercise 4.6.9. You will need the Bolzano-Weierstrass theorem (Theorem 4.21). But this uncountable set E
might be unbounded. How could we prove that an uncountable set would have to contain an infinite bounded subset?
Consider

E =

∞
⋃

n=1

E ∩ [−n, n].

87Exercise 4.6.10. Select a rational number from each member of the family and use that to place them in an order.

88Exercise 4.7.11. For part (b) look ahead to part (c): Any such example must have A and B unbounded. For
part (c) assume δ(A,B) = 0. Then there must be points xn ∈ A and yn ∈ B with |xn − yn| < 1/n. As A is compact
there is a convergent subsequence xnk

converging to a point z in A. What is happening to ynk
? (Be sure to use here

the fact that B is closed.)
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